ニ ジユウド ジレイ シンドウ ケイ ニ オケル ヒセンケイ シンドウ by Kuramitsu, Masami






Type Thesis or Dissertation
Textversionauthor
Kyoto University












NONLINEAR OSCILLATIONS　IN Ａ SELF-OSCILLATORY SYSTEM







　　　　This　paperdeals with self-excited oscillations and　forced oscillations
in ａ self-oscillatory syst:em with t:wo degrees of　freedoてｎ．　Ａconsiderable
number of　papers have been published concerning the nonlinear systems with one
degree o£ dreedom［1, 6, 10, 18, 20, 35].*　However, few Investigations have
been reported on the nonlinear systems with two or more　than two degrees of
　freedom.　Among them, the systems having nonlinear restoring forces have been
　studied in some degree ［2, 17, 29, 30, 33, 34, 36］; however, the behavior of
　self-oscillatory　systems under the　Influence of an external　force have been
　investigated very little 〔5, 21. 24].
　　　　　Thetext consists of six chapters.　In the first chapter the £undaniental
　equations　are derived from an electrical　circuit with two degrees of　freedom・
・　The self-excited oscillations　In this｡system･are　treated　in the following two
　chapters.　The　last　three chapters are concerned with forced oscillations　in･
　the self-oscillatory　system with two degrees of　freedom.
　　　　　InChapter　l　fundamental　equations are derived for ａ negat ive-res i stance
　　oscillator having two resonant circuits.　These circuits are　inductively cou-
　　pledand one of　them is connected　to ａ negat ive-res i stance element:。　The drlv-
　　Ingsource　is applied to one of　the resonant circuits.　The system is described
　by　two second-order dl fferential　equations, one of which contains ａ Stnall non-
　　1lnear damping temii　When the coupling between the two resonant circuits　Is
　　notsmall,　the system has　two distinct natural　frequencies.　In this case fun.-
　　damental　equations are transformed to　the standard form by means of ａ　linear




　　　　The　twochapters　that　follow･are devoted　to　the study of　self-excited
oscillations。　The sel£-excited oscillations　in ａ negative-resonance oscilla-
tor having　two resonant circuits were treated　first by van der Ｐｏ１〔25,27〕．
There are ａ number of　subsequent papers on the behavior of　such systems [5, 7,
8, 11, 14, 19, 20, 22, 28］. It has usual ly been assumed　that the coupl ing
between the two resonant circuits　is　large and that there exist two distinct
natural　frequencies.　This paper　is　intended　to discuss　the oscillations of
the systetn not only　for large coupling between the two resonant: circuits but
also　for small　coupling between them.　In the latter case　the entrainment of
the　two　frequencies, that　Is, the　internal　resonance between thetn, occurs　if
they are close each other［3, 16].　More generally, the　internal　resonance of
the system occurs when the two frequencies have ａ certain relationship 〔9, 13,
３２〕。　　　　　　　　　　　　　　　　　　　　　　　　　。
　　　　Chapter２　１Ｓconcerned with the self-eχcited oscillations　in the case
where two distinct natural　frequencies exist and the ratio of　them is not　in
the neighborhood of an integer or ａ　Eraction.　In this case ｎ０　internal　reso-
nance occurs.　The solution　is assumed　in the form of ａ sinusoidal　oscilla-
tion　in which　the amplitude and the phase angle vary slowly with time.　　By
using the averaging method the equations of　the standard ｆｏ】cmare transformed
into an autonomous system 〔4, 5].　The amplitude characteristics of　the oscll-
lations are obtained　from the states of　equilibrium of　this autonomous system.
The stability of　these oscillations　is discussed by solving varlational　equa-
tions which characterize　small　deviations　from the states of　equilibrium.　The
variational　equations are　linear differential　equations with constant coeffi-
cients.　Therefore,　the stability conditions are obtained by making use of　the
lv
Routh-Hurwitz criterion [15, 31].　The results thus obtained secure the stabll-
ity of　two　typesof　periodic oscillations, each having one of　the natural
frequencies. On the other hand, the combination oscillation having both of ’
them, which　is generally almost periodic.　１ｓunstable.　The phase-plane analy-
sis is applied to the study of the transient states of the oscillations 〔１０〕。
The coordinates of　the phase plane are　the time-varying amplitudes of　theｔ：wo
types of periodic oscillations, each having one of　the natural　frequencies.
The steady states of　the oscillations are represented by　singular points　in
the phase plane.　There･exist the　integral　curves that divide　the phase plane
into　two domains of　attraction^ each containing a stable ｓinsular point.　Hence
once the　initial　conditions of　the system are given, the resulting response　is
found.。　　　　　　　　　　　　　上　　　　　　　　　　　　　　　　　　　　　　　　し
　　　　　In Chapter ３　two representat ive cases of the　internal　resonance in the
.self-excited oscillations･ are studied。. Jhe first　１Ｓ　the case　in which the
　ratio ０ｆ　the two natural　frequencies　is　in the neighborhood of　1/3.　The sec-
　ond case deals with the　internal　resonance which occurs vhen the two natural
　frequencies are close each other.　　　　　　　　　　　　犬
　　　　In the　former case. the entrainment occurs between the higher frequency
　of　the　two natural　frequencies and　the　frequency which　is　three　t lines multiple
　of　the　lower one.　The response　１Ｓ an entrained periodic oscillation which has　ｌ
　the third-harmonic component predominantly.　The harmonic and the higher-har-
　motiic　frequencies of　the entrained oscillation are not equal to the natural ・
　frequencies but are　In the neighborhood of them.　Ｔ０ investigate this phenoine―
　non, the unknown frequenc ies of　the entrained oscillation are　introduced.　By
　using the averaging method.　the Ｍ:eady-state solutions are sought and their
　stability　1S discussed。　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　＼
Ｖ　　　　The　lattercase occurs, as mentioned earl ier. v?hen the coupl ing between
the　two resonant circuits of　the oscillator　is　small and their natural　frequen-
cies are close each other.　Under　this　condition, the entrainraent of　the　two
frequencies occurs.　The same method of analysis as mentioned above　１Ｓused.
The　frequency, amplitude, and phase characteristics of　the entrained oscilla-
tion are calculated under varying　frequencies of　the resonant circuits.　It　is
found　that only one　type of periodic oscillation exists when the coupling　is
very small。
　　　　The　last　threechapters are devoted　to ａ study of　the oscillations which
occur when ａ periodic　excitation　is applied　to　the self-oscillatory system.
The phenomenon of　frequency entrainment　occurs when ａ periodic　force　is　applied
to ａ self-oscillatory system with one degree of　freedom.　Ａ typical　and　lmpor-
tant case　is　the system governed by van der Pol's　equation with an. additional
term representing ａ periodic　excitation.　The behavior of　such systems　is
treated　in ａ considerable nvtmber of papers〔6, 10, 26, 27, 35].　In this paper
the behavior of ａ self-osc i1latory　system with two degrees of　freedom under
the　influence of an external　periodic　force　is discussed。
　　　　Chapter４　treats　forced oscillations　in ａ self-oscillatory system　in which
no　internal resonance occurs［5, 12, 21, 23, 24].　As mentioned　in Chapter ２
this　system produces　two　types of self-excited oscillations　in the absence of
the external　force.　Under the　impression of ａ periodic　force, one of the
frequencies of　the self-excited oscillations　falls　in synchronism with the
driving　frequency within ａ certain band of　frequencies。that　is, the exCema ｌ
resonance occurs. This　phenomenon of　frequency entrainnjent also occurs when
the ratio o£ one of the ｎａｔ：uralfrequencies and the driving frequency is in
the neighborhood of an integer (different from unity) or ａ fraction.　Under
V1
this condition, one of natural　frequencies of　the system is　entrained by ａ
frequency which　is　an　integral multiple or subraultiple of　the driving frequency・
In these cases, if　the component having the other natural　frequency does not
build up, the resulting oscillation becomes periodic.　０ｎ the other hand, i£
the component having　the other natural　frequency builds up, the oscillation.　is
almost periodic.　Moreover, when the driving　frequency　is　in the neighborhood
of ａ　frequency which　is ａ　linear combination of the　two natural　frequencies, a
kind of resonance occurs, such that　the　linear combination of　the natural
frequencies　is　entrained by　the driving frequency 〔１２９　24].　＼Ｔｈｅentrained
oscillation contains　three　frequency components and　is generally almost period-
１Ｃ．　Whenno external　resonance occurs, the system produces　two　types of　oscil‘
1ations　represented by ａ sum of　the components having the driving　frequency
and one of　the natural　frequencies.　These are generally almost periodic.
●　　　　　　　　　　　　　　　　．　　　　　　　　　　　　　●●，･’　　　●●．
　　　　　Theaveraging method　is　applied　to the solution of　the fundamental　equa-
tions of　the standard　form.　According to　the　types of external　resonance,
autonomous　systems of　the equations are derived.　The amplitude and phase
characteristics ｏｆ･the entrained oscillations are obtained　from these systems.
The stability of　the oscillations　１Ｓ　investigated by making use of　the Routh-
Hurwitz criterion.　The regions　in which different types of entrained oscilla-
tions and almost periodic oscillations occur are sought under varying the
amplitude and　frequency of　the　ｅχtemal　force.
　　　　　Chapter５　deals with the　forced oscillations　in. a self-oscillatory system
in which the ratio between the two natural　frequencies　is　in the neighborhood
of an integer (different from unity) or ａ fraction 〔13, 36].　In this case the
internal　resonance occurs. If　one of　the　two natural　frequencies　is　in the
neighborhood of an integral multiple or subniultlple of the driving frequency・
Ｖ１１
ｓ０　１Ｓ　theother natural　frequency.　Therefore, both of　the　two natural　frequen-
cies are entrained by　the　frequencies which are　integral multiples　or submulti-
pies of　the driving frequency.　The entrained oscillations which consist of
three harmonic components　are periodic.　The　same method of analysis as　in the
preceding chapters　is used for　the　investigation. of　the steady-state solutions
and　their stability。
　　　　　The　lastChapter ６　１Ｓconcerned with the　forced oscillations　in ａ self-
oscillatory system with the　internal　resonance which occurs when the　two natu-
ral　frequencies are close each other.　The averaging method　１Ｓappl led　to the
study of　the entrained oscillations.　The phenomenon of　frequency entrairunent
occurs　at harmonic, higher-harmonic, or subharmonic　frequency of　the external
force.　As mentioned　in Chapter 3, when the coupling between the two resonant
circuits　is very small, the system under cons i deration. has only one kind of
self-excited oscillation　in the absence of　ｔｈｅ･external　force.　Therefore, the
arnplitude characteristics of　the　entrained oscillations under this condltioii
are similar to　those of van der Ｐ０１・Ｓequation with ａ　forcing　term.　As　the
coupling becomes ａ　little　larger, two　types　o£self-eχcited oscillations occur.
each of　them being entrained by　the driving　frequency.　Ａ special　attention　Is
directed to　the transition of　the behavior of　the oscillatory system under
varying the coupl ing between the　two resonant： circuits。
　　　　　Thet xt　１Ｓ　supplementedby three appendixes.　In Appendix Ｉ　is given an
expanded form of　the　fundamental　equations　from which the autonomous systeni9　are
derived by using the averaging method.　　In Appendix 11　is　given the stability
condition derived　from the Ｒｏｕ!：h-Hurwitzcriterion, and　is　shown that .the char-
acteristic curve has a vertical tangent at the stability limit 〔１０〕, Appendix
Ill derives　the conditions　for self-excitation of　the self-oscillatory system.
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Appendix　　l．　Expanded Forms of　the Fundamental　Equations
Appendix　II.　The Stability Conditions And　the Vertical Tangency of　the
　　　　　　　　　　　　　　CharacteristicCurve　　　　　　　　　　　　　　　　　　　　　　　ｊ

















　　　　DERIVATION OF THE FUNDAMENTAL EQUATIONS OF
Ａ SELF-OSCILLATORY SYSTEM WITH ＴＸヽJODEGREES OF FREEDOM
１。１　　Introduction
　　　　　In　thischapter we　derive　the differential　equations which describe　the ．
self-excited oscillations　and　forced oscillations　in　ａ negat ive-res istance
oscillator having　two　resonant circuits.　　These circuits　are　inductively
coupled, and one of　them　is　connected　to　ａnegative-resistance element.　When
the coupling between　the　two resonant： circuits　is not so　small, this　system
has　two　distinct natural　frequencies.　In this　case, it　is　convenient　to
transform　the differential　equations　into　the　standard　form.　The analysis of




　　　　　Theschematic　diagram　illustrated　in Fig. 1.1　shows　ａvacuum-tube oscil-
lator which contains　two resonant　circuits L R
IS　and
Ｌ２Ｒ２Ｃ２．　Weassume　that
the　inductive coupling exists between h　and L≪, between h　and L , but no
coupl ing between Ｌ２　andＬ３ a゛nd　that　the external　force　is applied　in series
with L1° ﾘsing Kirchhoff's　laws　and neglecting　the grid current of　the vacuum





















































































If we neglect　the plate　reaction and assume　that　theplate current-grid voltage
characteristic　is ａ cubic, then
where Ｓｌ　andＳ３are certain constant：s characterizing the vacuum tube.　The
nonlinearity　１Ｓ　introduced　in Eqs, (1.4) owing　to　this nonlinear characteristic.







and using Eq. (1.5), we rewrite Eqs. (l.A) in the form
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The dots over ｕ and ｖ refer　to difEerentiation with respect　to　ｔ．　Equations
(1.7) are the fundamental equations　that describe the behavior of the system
of Fig. 1.1.
　　　　Setting Ｂ＝０ １ｎ Eqs. (1.7), we obtain the following Eundamental equations
which describe　the self-excited oscillations.




When Ｎ ゛○゛i.e..χ1°X2°０ in Eqs. (1.9), the first equation of (1.9) Is
reduced　to van ｄｅｒ･Ｐ０１・ｓ　equation,and　the second equation describes ａ　damped
oscillation　in the L2R2C2-circ゛1t‘　S1゛ce the system is self‘oscillatory, U
must be positive.　We assume hereafter that Ｊλ１Ｓａ small positive quantity･
Moreover we assume　that　the resistance R_　１Ｓas small as　ｊμ゛therefore the
parameter　５　１ｓnot so　large.
１。３　Transformation of the Fundamental Equations to the Standard Form
（ａ）　The Standard Form of Equations Describing the Self-Excited Oscillations
　　　　Furthermodification ｏ£　thedifferential　equations (1.7) and (1.9) is
useful　for　the　subsequent analysis.　First, we consider the　self-osc i1 LatoTV
system (1.9). Neglecting the small term of order u,in Eqs. (1.9), we obtain
　　　　　　　　　●













The general　solution of　this　system, i.e･, the GENERATING solution takes　the
form
u(t)゜l｀1 COS (ω１ｔ＋ｅ 1）‘’゛172
c°s (u) t ４゛e2）
ｖ(ｔ ）’k11rｌ COS (lω1t ゛’el）‘｀k2172 coｓ（（゛J2ｔ＋e2）
４
(1．11)









are called as　the natural　frequencies　of　the system.
(1.12)
(1.13)
を　Without　loss of　generality we may assume　that U),<U)2'　Then we obtain
the relations:　ω
1＜i11＜tAJ2゛叫＜゛2＜ω2゛
k < 0 ８゛d k2>0.
５　　　From Eqs. (1.11) It　follows　that　the generating system has　ａ general
solution with　two frequency components cO　ａｎｄω２゛　Hence, for ａ small value
ｏｆが･we may assume that the solution　of Eqs. (1.9) take ａ form similar to
Eqs. (1.11).　Therefore we write　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ニ
　　　　　　　　　　　　　　　　　　　ｕ’χ十ｙ
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　(1.14)
　　　　　　　　　　　　　　　　　　　ｖ = k.x 十k^y
Substituting Eqs. (1.14) into Eqs.
where
F (x, y, X,夕）゛




















Equations (1.15) are the standard form of the fundamental equations (1.9).　It
I S　to be noted that゛ifω1　andω2 are sufficiently close each other゛one may
　　　　　　　　　　　　　●　　　　　　　　　　　　　　　j　　　　　　　　　　　　　　　　●expect the internal　resonance.　１.ｅ･９　the entrainment between these frequencies
owing to the nonlinear!ty of the system.　In this case the present analysis
ceases　to be meaningful.　Since the discriminant of Eq. (1.12) is given by
（べ゛0　2 ゛ 4χ1χ2ﾍﾞﾍﾞ, this type of internal resonance °ccurs ｀゛ｈｅｉ｀゛１゛゛２
and Ｎ‘゛○〔see Eqs. (1.3)].　This case will be discussed ia Sec. 3.3.
(b) The Standard Form of Equations Describing the Forced Oscillations
　　　We consider the fundamental equations (1.7) describing the forced osci11a-







u = np COS tdt
＋ｎ;ｖ＝○
(1.17)




ｇ‘eneral Ｓ０１゛t10゛ is gi゛ｅ゛ by










e1 （1°1, 2) are integratio゛ consta゛tｓ゛（｀）18゛d k1 are dete°lined by











Hence, proceeding in the same manner as in Eqs. (1.14) we assume the solution
of Eqs. (1.7) in the form*






Substituting Eqs. (1.20) into Eqs. (1.7) gives the standard form of equations.
　　　‘*The term containing ｓｉｎωｔ　isomitted in the solution for the first
approximation (1.20).
vjhere
●●　　　2゛゛ω1)c°がF (x, y, X,　沁　t)
Sい゛哨y°.μG (x･ｙ･沁沁　t)
F2(x, ｙ９もi’9 t）゛




町ﾅ可{,｀2[1 - (x゛ y ゛h ｃ°SlOtﾆ]](x + y -“)Alｓi “゛)









弓{k1〔1'(゜c゛シ'｀ＡＩ ＣＯＳωt)2](i゛y -a)A ｓ1゛ωt)
゛k^y ’ωA2 ｓl゛ωｔ）｝
　　　　When the driving frequencyωis in the neighborhood of either t∂10Γω2゛ one
may　expect　the external　resonance.　Namely, the natural　frequency　is　entrained
by the driving frequency (jl>. In fact. when, the difference ω－ω1（1゛1, 2) is
equal　to　zero. the denominators　of A1 ごnd ’Ａ２　１ｎEqs. (1.19) become zero. In
this case　the assumption ６ｆ　the　solution　in the form (1.20) is not val id.
Therefore, whenωand one of the natural　frequencies are sufficiently close.
the amplitude Ｂ of the driving force is of the orderμ> i.e.。
　　　　　　　　　　　　　　　　　　　　Ｂ゛呻１　　　　　　　　　　　　　　　　　　　　　　　　　　　　(1.23)






+ n V = -μひ(fv
ｃｏｓωｔ］
(1.24)
The generating　solution of Eqs. (1.24) takes　the same form a3 Eqs. (lai).
Introducing ｘ and ｙ defined by Eqs. (1.14), we obtain the　standard　£orm of








＋6(k 1i ゛ k2夕）゛kf181 COS Cjt I







　　　　Obviously, putting Ｂ ’Ｂ１　’○゛１°e., A ゛Ａ２°０ in Eqs.　(1.21) and (1.25)
yields the standard form of self-oscillatory system (1.15).　As mentioned before
in the paragraph of　the　self-oscillatory　system, if two natural frequenciesω１
ａｎｄω２are sufficiently close each other, the present transformation of the
fundamental　equations　to　the　standard　form ceases　to be meaningful.
　　　　InChaps. 2 and 3, we discuss the self-excited oscillations based on Eqs.
(1.9) and (1.15).　In Chaps. A, 5, and 6, we discuss the forced oscillations　in





Fig. 1.1.　Vacuum-tube oscillator with two resonant circuits
　　　　　　　　　　andan external　force.
　　　　　　　　　　　　CHAPTER　2
SELF-EXCITED OSCILLATIONS　IN Ａ SYSTEM
　　　　　WITH TWO DEGREES OF FREEDOM
２．１　Introduction
　　　　　This　chapterdeals with self-excited oscillations　in ａ negative-resistance
oscillator having　two resonant circuits.　The coupling between the　two resonant
circuits　is　assumed　to be large.　Under　this condition, there exist　two distinct
natural　frequencies.　　In　this chapter, we also assume　that　the ratio o£　the
two natural　frequencies　is not　in　the neighborhood of　an　interger or ａ　fraction.
that　is, no　internal resonance occurs ［5, 8, 11, 19, 20, 22, 25, 27].
　　　　　Byus ing　the averaging method. an autonomous system ｉＳ　obtained from the
standard　form of　equations which are derived　in Chapter　１．　The　steady state
of　the oscillations and their stability are ･discussed.　　Particular attention
is directed　to　the　investigations　of　the　transient state of　the oscillations
by applying the phase-plane analysis〔5, 28〕．
2.２　Derivation of an Autonomous　System by Using the Averaging Method
　　　First, the　standard　form of　equations (1,15) is　transformed　to ａ　form
suitable for the application of the averaging method. Whenμ= 0, the solution
of Eqs. (1.10) is given by Eqs. (1.11).　Bearing this in mind, vje write for ｘ




x(t) = - 0)^
y(t)゜’ω2








We assume　ｔﾆhat,for small values　of U, both the ８°plitudes r (t), r (t) and
the phase angles G (t), e2(t) are slov゛１ｙ゛arying functions of　ｔ．Substituting
Eqs. (2.1) and (2.2) into　Eqs. (1.15) yields
?????







e1’ e2゛ t）８゛d g1（171゛112゛e1゛ e2゛ t) in the right-hand ｓides
of Eqs. (2.3) are obtained by the substitution of Eqs. (2.1) and (2.2) into
Eqs. (1.16).*　We obtain from Eqs. (2.1) and (2.2) that
1’1 c°s (u) tﾆ゛el）’171θ1 sin (ω1t ゛
e1）゛ｏ
を２COS （ω2ｔ｀4｀02）“172e2 ｓi“（ｕ）2t゛ 82) = 0
●　　　’　　　　　　　　　　　　　　　　　　　　　　　　　　●｀･.　　　.l●●　　　　　　　　●　　.　　●























gi(r,, r , 9,, 0_, t) c°ｓ（ω2t ゛e2）
(2.4)
(2.5)
Equations (2°5) shov゛　that　l’i　8゛d　ei（1　°1,2)　are both of　the order of u;
therefore. as　expected. ｒi　and　e.　are　slowly varying functions　of　t゛　Hence
upon appl ication of the averaging method. Eqs. (2.5) can be transformed　into






f1（l’19 1r2’ 01 ’
θ29 t) sin. (Wj^t + e )dt
g1（゛1’ｌ’2’θ1’θ2’t）ｓ1゛（（JJ2t 4゛
e2)dt
･161 ° － 1こy
51≒f
l(・1･ ｌ･2・θ1･θ2・ tﾆ) COS (CO.tﾆ.゛e,)dtﾆ
11≒g
1(り・2･ e1・ θZ・ t)・・・I(％t=l゛θ2)‘ltﾆ
11
(2.6)
The　integration　is　to be perforined with respect　to　the explicitly　appearing ｔ
in　the　integrants. Performing　the　integration gives us





























R. = T一一¬吋耳芒‾可（1）1｀R1 ’ 2R2）Ｒ１５ Ｘ（R1’R2）
－
? ? ? ? 二kl／




Equations (2.7) and (2.9) play ａ significant role in ｔ：hefollowing investiga-
tion.　since　they　serve as　the　fundamental　equations　in studying　the　transient
state　as well　as　the steady　state.
　　　　If　thereexists　ａcertain relationship between the two frequenciesω１ and
(t*, additional terms may appear in the right-hand sides of Eqs. (2.7). The
functions　ｆ１　andh　ｉ Ｅ゛ｑＳ°(2.5)　contain terms of　several frequencies (see
Appendix ｌ）゛and　some　of　themwhich apparently look different　fromω１０Γω２
may　coincide with these fr?quencies‘　For instance゛ if ３（ら．゜ω２゛the frequency
componentsω２‾２ω１ and ３ωIwhich are contained　in f and ｇｌcoincide withω１
ａｎｄω２９　respectively.Therefore　these　terrrs　do not vanish upon　integration　in
Eqs. (2.6).　Similarly to the foregoing case ＼゛hereU)^ ^ω2゛　the　internal　reso-
●　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●ゝ･ヽ　　ll●－
nance also occurs when 3ω1　1ｓ　inthe neighborhood ｏｆω2°　This　type of　internal
resonance will　be discussed　in Sec. 3.2.
2.3 Self-Eχcited Oscillations　in　the Steady　state
（ａ）　Steady-State Solutions
　　　　　Letus　consider　the steady-state solutions of Eqs. (2°7) in ＼゛h1Chl゛1and
ei（i°ｺ１９ ２）are constant.　The　last　two equations of (2.7) show that the phase




where Ｒ１０and Ｒ２０denote　the steady-state values　of Ｒｌ　and R_, respectively.




























No self-excited oscillation　exists　in (1):　while, in (2) and (3), the solu-
tions are periodic of frequency U. and UL≫ respectively. Sinceω１ and ａ）2are
generally　incoiranensurable, the solution in (4) is almost periodic.
(b) Stability Investigation
　　　The steady-state solutions given by Eqs. (2.LI)　are maintained only when
they are stable.　The stability of　the-solutions　is　tested by　the behavior oE




If li and n approach zero with increase of time t, the steady-state solution is
stable.　Substituting Eqs. (2.12) into (2.9) gives-'
●
l§























































(r2 ゛ 2R10 ｀2R20)]
　　　(2.16)
2C(P, ' 2R10 － 21゛20)(P2 － 2a10 － 2a20)
The variations　弓and ｙｌ　approach　zero wi th　the　time　t.　provided　that　the real
parts　ｏｆλ゛Ｓ　arenegative.　The stability conditions　are given by　the Routh-
Hurwitz criterion (see Appendix II):　i.e..
p = - (a 11 ゛ 822）＞ｏ　　　°゛d　　　q ° ゜i1822 ‘ 812321 ＞Ｏ　　　　(2.17)
Substituting Eqs. (2.16) into (2.17), we obtain the stability conditions for
the equilibrium states represented by Eqs. (2.11);　i.e.,
ゝ●
(1) For ＲＩＯ°Ｒ２０° ○゛ the Conditi°゛S f°17 stabil ity 81°ｅ
ω?-a　　　　　　ω:k1
ﾏﾆ可?ドマニ可 ?2くO　　　and　　　klk2r1らくＯ
Since ｋ１〈０ ８゛d k2 ＞○゛ the ８ｂｏ゛eineq゛al i ties lead to
　　　　　　　　　　p <0　　　８゛d　　　P2く０
(2) F°17 R10 ° P1゛ Ｒ２０° ○゛｀ ^゛ｅobtain　　　　ヽ
　　　　　　　　　　P1＞1F2　　呼d　　p >0
（3）Ｆｏｌ｀Ｒ１０“ ０９Ｒ２０°ら. we obtain
　　　　　　　　　　P2＞1 Pi and　　　ら＞Ｏ
(4) For‘Ｒ１０’







　　　There exists no oscillation　in case (1).　Since both Ｒ１０８゛ｄＲ２０８１：゛ｅ
positive, condition (2.21) is never fulfilled.　Hence, in the steady state, the
oscillati°゛ １Ｓperi°die with frequencyω１［case (2)］０１７ａｅｑ゛encyω２〔case (3)］゛
and no combination oscillation of　the two　frequencies　is　realized ［7,14].
（Ｃ）　Numerical　Examples
　　　　Thecoupling ｋ between the two resonant circuits of Fig. 1.1　１ｓgiven by
〔see Eqs. (1.3)］
い爪石 (2.22)
By solving Eqs. (1.12) for ａ given value of k≫ we obtainω/n. as a function of
ｎ２/n1’　An example of　such a　frequency characteristic　Is　shown in Fig. 2.1 where
k °○゛5° IE ｀゛efurtherm゜17e assume ‘S °17（゛2/゛1）2&ｈｌ Eqs. (2.8), P1 8゛d P2 81:゛ｅ
． ●
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　１６
calculated.*　Then, by using Eqs. (2.11), the amplitude characteristic of　the
self-excited oscillation is obtained.　Calculated results are shown in Figs. 2.2
and 2.3.十　The stability of the oscillation １Ｓ tested by using conditions (2.18)
to (2.21), and　the unstﾆable portions　of　the characteristic　curves　are shown by
broken　lines.　In Fig.　2.2,　stable solutions with ampl itudes　ｒ１０゛ ｋｌｒ１０゛and
frequencyω, are obtained　for "g/'^i　greater than the value of ｃ．　Stable solu-
tions X゛ith 1720゛ ｋ２゛２０ ８゛゛ｄω２ are also obtainec! for １１２／ｉ１１less than ｄ° When
the value of n/n^　increases, a discontinuous　jump of　the amplitude as well　as
the　frequency occurs　at ｄ　in the direction of　the arrows.　With decreasing
"2/^
゛
ａ　jump phenomenon occurs at Ｃ．　Since　the value of n /n^　at ｄ　is greater
　　　●　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　／
than that at c, a hysteresis phenomenon is　exhibited.　For no/*^!　lying between
ｃ and d. there are almost periodic solutions with two frequency componentsω
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　,●　　　　　　　　　１
ａｎｄω２゛　The　state without　the oscillation　is unstable　for any value of ｎ２／ｎ１°
In Fig. 2.3, two characteristic curves°are separated.　No oscillation ｅχists
fdr n /n between ａ and ｂ．　Thenumerical examples described above are compared
with the solution obtained･ by using an analog computer.　Figure ２．４shows the
block diagram of ａ computer setup for the solution of Eqs. (1.7).　The symbols
六　The　couplIng k and the parameters
　n2　25　　LI　　C.R.
（可）　゛可『‾ﾆ‾可万
are varied　Independently by　changing the values of N, C゛and R_, respectively.
　　　　　十　〇nesees from Eqs. (1.3) and (2.22) that
　　　　　　簡゜､匹万;（゛1/゛2）2k･χ2 ｙ/iﾌGJ（゛2/゛1）2k
T° fi゛ the ゛1゛es Z. 8゛dχ2 it １Ｓassumed, in this paper.　that h ° L2’
17
１ｎ　ｔｈｅ･figure　follow the conventional　notation.　By using　this　setup, some repre-
sentative waveforms of u(t) and･v(t) are obtained　in Fig. 2.5　for　ｔﾆheparameters
　　　　卜○‘19 k °χ1’χ2 ゛Ｏ‘5’（゛2/゛1）25°○゜5’８゛d゛2/l｀1’ l’Ｏ
One sees　that　two kinds of　periodic　oscillations exist and　that‘at the higher
natural frequencyω2゛ｕ and ｖ are approximately in phase with each other, while
at　the　lower natural frequencyω1 ゛ they are nearly 180° out of phase. These
results　show ａ　satisfact:ory agreement with　the　assumption of　the solutioa given
by Eqｓ°（1°14)and (2.1), ＼゛herek1＜０ ８゛dk > 0 (see　the　footnote of p.4).
２。４　Self-Excited Oscillations　in the Transient state
（ａ）　Singular Points Correlated with the Periodic And Almost Periodic Solutions
　　　　　Inthe preceding sections we have discussed　the steady-state' oscillations
and　their stability.　As　one sees　in Fig. 2.2, two kinds o£　periodic oscilla-
tions　are stably sustained　for　the values　ｏｆｎ２／ｎ１’between c and ｄ゛　It depends
on　the　initial　conditions　as regards which kind of oscillations occurs.　This
problem　is made clear　from the　study of　the solution in the　trans i ent state。
which, with　the　lapse of　time, yields ultimately ａ periodic　solution.　For this
purpose　it　is useful　to　investigate　the　integral　curves of　the　following equa-












Steady-State solutions are correlated with R (t)゜constant゛R^Ct) - constant
of Eqs. (2.9), i.e., with the singular points ｏｆ･Eq. (2.23) for vihich both
X(R ,　R2) and Y(R゛R-) vanish°
　　　　The　typeo£　the　singular　point　１Ｓ　classified　according to　the nature of
characteristic roots　of Eqs. (2.15).　From the conditions (2.18) to (2.21),
the boundaries　of　such ａ classification are given by　the relations
and
P, -0,　　　f2°○




















ぶべt)2 ． ・ 1］
(2.26)
(2.27)
It　is not difficult　to determine　the　type of　the singular point according to
the ゛alues k・ Q｀2/゛1)landn2/nl‘　Figure　2°6　and Table 2.1　show the classif'i-
cation of　the singular points. When the values　of (゛2か, ) S and n2/n “'ｅ
chosen inside the regions ｌ to VI　in Fig.　2.6, the types of singular point:ｓ０，
A, B, and C, which correspond　t:ｏthe steady-state solutions (1) to (4) of
Eqs. (2.11), respectively, are shown in Table 2.1 (see Fig. 2.7). The ＳIngular-
ities not shown in the table (marked by ) means that the ｓingular ｐ０ints
do not exist: in the region Ｒ１之Ｏ and Ｒ２迦Ｏ of ＲＩＲ２plane.
Table　２．１　Classification of　singular points　in　the regions of Fig. 2.6
ingularity















　　　　It　is　Interesting　toconsider　the　integral　curves　of　Eq. (2.23) for ａ
certain　typical　case.　　Figure　2.7　shews an example of　the phase-plane portrait　　　‘
wher‘ｅn2/n ° 1°05 and, ８Ｓbefore. k °○‘58゛d (n /n )2(J= 0‘?’　The stable
oscillations are represented by　singular points Ａ and B, whose amplitude are
given by Jp^ and Jpl, respectively. . Singular point C represents an almost peri-
odic　oscillation which has　two frequency components　ωｌ ａ゛ｄω２’ It ｉｓ h゛owever,
unstable.　The origin　is　also an unstable singularity.　Ａ representative point ，
on the　integral　curves moves　in the direction of　the arrows with　increasing
time.　The　integral　curves (thick line) that approach Ｃ　ｄｌ?vide　theＲＩＲ２　plane
into　two domains　of　attraction, in one of which all　integral　curves　tend　to　the
singularity Ａ and　in the other　to　the singu!arlty Ｂ．　This particular integral
curve　is reffered　to ａｓ　ａseparatrix。
　　　　FromEqs. (1.14), (2.1),and (2.2), we obtain
゛（○）゛171 （Ｏ）ｃｏｓθ ,(0) + r･2(Ｏ).ｃｏｓ 02(Ｏ)








values　of　Ｕ(t)，‥.，θ2(t) at t °Ｏ°　Eliminatﾆi゛ｇ











- v(0)〕2゛≒〔k Ci(O) -く/(o)〕21
　　　　　　　　　ω
2
By making use of　these relations, the　two domains　of attraction　in Fig. 2.7 are
reproduced　in the uv　plane.　　InFig.　2.8, for simplicity, we considered　the
case where u(0) = v(0) = 0.　Then the regions become symmetric about the origin.
From　these　figures　the relationship between the　initial　conditions　and　the
resulting oscillations　is　apparent：　an oscillation started with any　initial
conditions　in the region containing the　singularity Ａ tends ultimately　to　the
singularity A,　which corresponds　to　the　periodic oscillation with　the　frequency
ω', V7hereas　an oscillation started from the region containing the singularity
Ｂ　tends　to　the　singularity B, which corresponds　ｔ０．the oscillation with　the
frequencyω２．　It is also seen that the singularity Ｃ is situated on the boun‘
dary curve between these　two regions.
21
２。５　Concluding Remarks
　　　　　Periodic　and almost　periodic　oscillations which occur　in ａ　self-oscillatory
system with　two degrees　of　freedom have been　investigated.　The　system　is　ｄｅ゛
scribed by　two second-order differential　equations, one　of which contains ａ
nonlinear damping　term.　Assuming　that ａ　small　parameter　ｉＳ・associated with　the
nonl inear　term, we　derive an autonomous　system by making use of　the averaging
method.　When　the ratio between∧the　two natural　frequencies of　the system　is not
in the neighborhood of　an　integer or a fraction.　two kinds of periodic　oscilla-
tions, each hav ing one of　the natural　frequencies, are stably sustained.　０ｎ　the
other hand, the combination oscillation which consists o£　two harmonic　components
is unstable.　The　frequency and ampl １tude characteristics have been shovm　for
some values of　the　system parameters。
　　　　　　　■　　　　　　　　　　　　　　■　　　　　　　　　　　　　　　　　　　　　　　　　　　　　「
　　　　　The　transient　states　of　the oscillations　are also studied by making use of
the phase-plane analysis. From this analysis‘ the relationship between　the
initial　conditions　and　the resulting oscillations　is made　clear.
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Fig. 2.1.　Frequency characteristic of　the self-excited oscillation.
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Fig.　2.6.　Classification of singular points.
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being k ’ 0.5, (n2/n )^5 = o゜5, and n/n = 1.05.
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Fig. 2.8.　Regions of　initial　conditions　in･ the uv plane leading to　the





INTERNAL RESONANCE　IN A SELF-OSCILLATORY
　　SYSTEM WITH TWO DEGREES OF FREEDOM
３．１　Introduction
　　　．　Inthe preceding chapter, we　treated　the　self-excited oscillations　in ａ
system with　two　degrees of　freedom.　　It was　shown　that　two　types of periodic
oscillations having the natural frequencyω１ ａｎｄω２r゛espectively. are stably
sustained.　However,　when we derived　the　autonomous　system by　using　the aver‘
aging method, we neglected the case　in which CO is equal ｔｏω１or ３町゜ When
such relationships were satisfied between CO and ａﾉ２ w゛e noticed　that additioaal
terms　appeared　in the averaged equations.　This　fact suggests　us　that some
叫




　　　　It　１Ｓwell　known that　the phenomenon of　frequency entrainment occurs when
ａ periodic driving　force　is　applied　to　ａ self-oscillatory system with one degree
of　freedom［6, 10, 26, 27, 35].　The self-oscillatory system under consideration
has　two natural　frequencies.　Hence we may expect　that　the phenomenon of　frequen-
cy　entrainment between　the　two natural　frequencies.　ｌ．ｅ・９　the　internal　resonance.
１Ｓ　likely　to occur when　the ratio between them　１Ｓ　in　theneighborhood of　unity
or １／３。
　　　　It　is　assumed　that　the　frequency　of　the　entrained oscillations　１Ｓ　not　equal
to either of　the　two natural　frequencies, but　is　in the neighborhood o£　them.
Autonomous　systems are derived by using　the　averaging method.　The　Ｓｔﾆeady-state
oscillations and　their stability are discussed.
22
3。2　Internal　Resonance Which Occurs Whea 301 ^ c
（ａ）　Derivation of an Autonomous System by Using the Averaging Method
　　　　Weconsider　the　standard　form of　differential　equations (1.15)、i.e.、
。2 }^べ










As mentioned　in Chapter 2, it　is　expected　that　the entrainment of　frequency occurs
when ３ω1　1S　in the neighborhood ofω2°　To　investigate　this phenomenon, we make




The entrained oscillation consists of　two components of frequencissω１０ ａｎｄω２０゛
which are　in the neighborhood ｏｆω１ ａｎｄω,, respectively, and are related by
３ω１０° ω２０ a゛s one　sees afterwards.
．　　　　・　．　　ｊ　　　　　　　　　　　　　　　　　　　・






(x, y, X, y) = F





























Substituting Eqs. (3.5) into Eqs. (3.3) and using the averaging method as we













な 1ｏ（ｌ゛1’ｌ｀2’θ1’e2’t）ｓi゛（ωio^ ゛ 0 )dt
-
glo(ｌ‘1・ ｔ2・










where　ｆｌｏ and ８１０　１ｎthe right-hand sides of Eqs. (3.7) are obtained by substi-
tution of Eqs. (3.5) into Eqs. (3.4) (see Appendix ｌ）． The　functions f. and
ｇ１０　in Eqs. (3.7)　contain　terms of frequenciesω１０゛ω２０゛ ３ω１０ ３゛吟○゛ω20±2aﾇ10
and 2吟Ｏ土ω10‘　Therefore, if there exists　the relationship cJ._ °ω２００「
3ω10 ゛ω20゛ some of these frequencies which apparently look different fromω１０
０ｒ哨ＯＣｏｉｎＣｉｄｅwith　them.　The　former case will　be discussed　in the next
section.
． ・






















　　　The steady-state soluti°゛ｓ°f Eqｓ‘(3.8) a・ｅobtained by equati°8 11 °12
°e1°e2°○゛　Denoting　the steady-sEate values of　these variables bｙｒ10゛ｒ20゛　　゛






















■Wesee, frooi Eqs. (3.9), that there are three different states o£ equilibrium
i.e..










The first and second cases are　identical with those already discussed in (1) and
(3) of Eqs. (2.11), respectively. We are particularly interested in the third
case
■where the two frequency components are not 'zero and are‘entrained
mutually
by the relation ３ω10 °ω２０’ＡＳｗｉｌｌ　bementioned later, this　state of　equil ib-
rium　Is　stable.　Thus　the　internal resonance















So1゛1゛g Eqs. (3.12) a゛d (3.13) Sim゛1t８゛ｅ°゛sly gives　the ampl it゛des
ｒ１０８゛d l’20°











































Hence, ｆ・゜rE゛qs. (3.2), the ｅ゛trained freque゛ｃｉｅＳ叫０８゛d馬０ are determined.
(c) Stability Investigation
　　The stability of the equilibrium states as given by Eqs. (3.11) is studied
by solving the variational equations derived from Eqs. (3.8).　By ａ procedure
1 ike　that used　in Sec. 2.3b, we consider　the　small ｖａｒiaｔｉｏｎＳち.’可2’りトand)]
■from　the equilibrium state defined･ by ････.　　　－・
r2°「
　　　　　　　　　e
1 °θ1o ゛り1’　　　　e2 ゛e2o ゛り2
Substituting Eqs. (3.15) i゛to Eqｓ・(3. 8 ) and neglecti゛ｇ tｅ°ｓ°f higher degree
than the　first　in ^ and n. we obtain the variational　equations. i.e.･，
?1
° 811111 °゛‘812112 ｀゛｀813″?1 ゛ ８１４り2
苓2 ° 82j1 ゛ ^22^2 ゛゛｀823り1｀’｀824り2
4
1 ° 83111 4｀83j2 ゛ 833り1 ゛゛｀8341?2
り2
° 84j1 ゛ 842ち4｀843η1 ゛ 844り2
811ツ1111〔f1“3べｏ゛2{ｏ －2ｒ
812 ° 爽μ”11[4゛10゛20 ゛
{Ｏ
COS (3θ10‾θ20)〕
ａ１３ ° 3;^m^r r
　　　　　ｌａ１４ ゛“ ｉ ａ１３
2０ sin (3θ10 “ θ20）











831 ゛JJ°11r20 ｓl゛ （3θ10 -V






























































































































Since　there exist　the relations a.^ ^. ~ 3a,^.(i = 1, .≫., 4) in ＥqＳ‘（3°17),
ｓ＝O in Eqs. (3.19).　Therefore the characteristic equation (3.16) is reduced
to
λ（λ3＋球･＋qλ+ r) = 0 (3.20)
１．ｅ。one of　the characteristic　roots　is　zero.*　Then, the　stability conditions
are given by the Routh-Hurwi tz criterion (see Appendix II), i.e..
ｐ＞○、 ｒ＞○、 pq - r > 0 (3.21)
The stability conditions for　the　first and the second cases of Eqs. (3.11) are
　　　　゛　Ｔりis　resultcorresp°nds　to　the　fact that the fundame°taL　equati°゜Ｓ（3‘1）
are autonomous ones　and　that not　the phase angle　Bi　but　the　phase difference
３ｅ１０“ 920 1ｓ dete°ined by Eqs °
（3°14）‘
3０
also identical with the conditions (2.18) and (2.20), respectively. The stabil-
ity　of the　entrained oscillation　in which both r^Q and ｒ2０ are not　zero　１Ｓ　tested
by making use of　the conditions (3・21）・and　this　typeof　oscillation　１Ｓ　found　to
be stable.
(d) Numerical Examples
　　　As tnentioned　in Chap. 1〔see Eqs. ‘(1.12)], the natural
ａｅq゛enciesω1/111
(1 = 1,　2) ax°ｅobtained ８Ｓ８ｆ゛nction ゜f the CO゛pi ing k（゛、/i7iF;）８゛d゛2か１゛
We now seek the relationship ｀゛hichｋ and "2/"l satisfy when
s‘゛1 °吟



















By setti°ｇ ｓ °ｌ in Ｅｑ‘（３°24), we obtain ｋ ’ 0 (N = 0) and ゛ｌ ° ゛２°　This ｆ°（ｉｔ








F!gure 3’1　Sho｀゛Ｓ　ther lationship bet｀゛ｅｅk゛ 8゛d ゛2/゛l　gl゛ｅ b゛y Eq. (3.25).　One
may expect　the occurrence of　the　internal　resonance　i£ ｋ and "2/"!　take　the
１　。●
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values near　the curve　in Fig.　3.1.　Under　this condition゛the amplitudes　'^lO
and ｉ２０of the entrained oscillation are calculated from Eqs.　(3.13).　Therefore
the actual existence of the internal resonance depends on the values of Pi and
ら８ｓ ゛゛e118ｓ3叫１’弓1 ゛ When P1 ゛ O 017ら゜Ｏ’ Eq. (2.26) is　satisfied.　This
relationship between ｋ and "2/"l　is also　illustrated　in Fig. 3.1　ｂｙ!3rokenlines
for (n /゛１）２１５°○‘５°L゛et us consider ａ　case where
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　心
　㎜　　　　　　・　　　　　尹゜０.１９　　k= 0.5,　　（il2/゛1）2ぶ゜ｏ゛５
When ｋ = 0.5, we find. from the result in Fig. 3.1, thatωL = 3(0 provided
　　　　　　　　　　　　　　ｎ２／ｎ１を０.403　　and‘a/nき2.48
By using Eqs. (3.12) and (3°13), the amplitudes ゛１０’り０９ａｎｄthe entrained
frequencyω１０ａｒｅcalculated.　Real values of　the amplitudes are･ obtained only
foｒi｀2/゛1゛ 2.48‘十　Figure 3.2a　shows　the entrained frequencyωlo/^i as n/n^
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　－　　　　・varies° For comparison's sake,ωj^/n curve calculated from Eq. (1.12) is also
shown　in　the figure.　Figures　3.2b and 3.2c　show the amplｉtude characteristics
of　the entrained oscillation.*゛゛We see　that,･ when　the entrainment occurs. the
amplitude ^2^20 0f the　third harmonic component of　the solution v(t) increases
predominantly.　The phase characteristic　of　the entrained oscillation　is　shown
in Fig.　3.2d.
　　　　These results　show that as n^/n takes　the value　far　from 2.48, i.e., as
　　　　* As one sees　from Eqs. (2.11), these　ｌ Ines are the boundaries of exist-
ence･ of periodic oscillations.　when ｎ０　internal resonance occurs.
■
　　　　十　When n^/n^ ’ 0.403, one sees from Ｆｉｇ‘3゛1 that F）1く０．　For this reason.
Eqs. (3.12) and (3.13) have no real　roots.
　　　六公　To　fix the values ｏｆχ１ ａ゛ｄχ２゛　it　is　chosen that L °Ｌ２（ｓｅｅ the ｆ°ｏｔ“
note of p.16).
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the difference いω1‾％ｌｂｅＣｏｍｅＳlarger゛ tﾆhe amplitudes ｒ20 and ^2^20 0F the
third harrΥionic components decrease and　the amplitudes ｒ１０ and　'^I^IO of　the
harmonic　components　tend　to　the values which are obtained　in　the case where no
internal　resonance occurs (see Ｆｉｇ° 2.2). The entrai゛ed freq゛encyω１０ also
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●
tends ｔｏ（ＡＪ１°
　　　　　Ｎｅχt, we consider another case where
　　　　　　　　　　　　　　　y゛ 0.2,　ｋ ° ○゜８９　(n2/n?２５ ° ○’５
In this case, from Eq. (3.25) we find that 3ω１°ω２ provided
　　　　　　　　　　　　　　　　　S/"!　°１゛Ｏ
The　frequency, ampl １tudes. and phase difference of　the entrained oscillations
are shown　in Fig.　3.3.　The dotted　portions　of　the characteristic　curves　repre-
sent unstable states.　One sees　in Fig. 3.3　that, when n-/n.　１Ｓ ’in the neighbor-
hood of unity, there exist　three kinds ｏｆ’･entrained oscillations, one of which
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　－　　　●　　　　　　　　　　　　　　　・
１Ｓ　stable.　It　is　to be mentioned　that　the other kind of periodic　oscillation of
the frequencyωalso exists. When two kinds of periodic oscillations exist. it
　　　　　　　　２
depends　on　the　initial　condition as　regards which　kind of oscillations　occurs・
Figure ３．４shows the time-response curves o£ the entrained oscillation which is
obtained by analog-computer analysis (see Fig. 2.4).
3．3　Internal　Resonance Which Occurs When C゛1゛鴫
（ａ）　Derivation of an Autonomous System by Using the Averaging Method
　　　　The entrainment of frequency also occurs whenω1きωAs mentioned　in Sec.
1.3, this -type of internal　resonance occurs ＼゛henn = n 8゛d k ~ 0 (l.e”　Ｎき○）゛
In　this　case　the transformation of　the　differential　equations　to　the　standard
form ceases to be meaningful.　Therefore, we consider the　fundamental　equations
(1.9).　Let　the entrained frequency be O). which　is　In the neighborhood ｏｆω１










　　　　　　　　　　　　　　心(t)= -ωor^(t) sin C叫｝t4‘eｖ（t）〕
Substituting Eqs. (3.26) into Eqs. (1.9) and applying the averaging method as























Equation (3.29) determines the entrained frequency OL. Substituting this value
into Eqs. (3.28) gives　the ａｍｐｌｉｔｕdeｓｒｕＯ゛ｒｖＯ゛ａｎｄthe phase difference
θｕO“θｖｏ of the entrained oscillation. It　１Ｓnoted　that　the　trivial　solution






Eliminating W from Eqs. (3.29) and (3.30) yields
'^uO °ｒＶＯ
　　　　When　theamplitude '^uO of the entrained oscillation　is equal　to　zero, we




　　The　steady-state solutions o£ Eqs. (3‘27) are obtained by equati゛g i｀ｕ’iｖ



























Equation (3.31) gives　the toe of　the amplitude characteristics.*
(ｃ)　stability　Investigation
　　　　Thestability of the steady‘state solutions　is tested as before.　By a
procedure analogous to that of　the preceding section, we obtain the characteris-





・心代・1叱－O (1－χ占){5〔2(1 － vA卜(・卜Ｏ
　　＋尹2吃nl(ｎで－nj)62/ｎ?叱－ｎ:)2]
(3.32)
Then the stability conditions are given by the conditions (3.21). The stability
conditions　of the state　ｔｈａｔｒＵＯ ’ｒｖｏ
Appendix III).
（d）　Numerical　Example
　　　　Weconsider ａ system in which
＝Ｏ are also obtained analogously (see
M = 0.1　　k = 0.04　　and （゛2か1）2δ゜０.5
　　　　必　Thisequation coincides with that which gives　the stability　limit of
the steady state ｕ ゛ｖ °0 (see Appendix III).
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Since ｋ is small, the mutual　indectance Ｎ　is also small［see Eq. (2.22)〕．
Therefore゛when ｎ１全’n2゛　thedifference betweenω1 andω' becomes　small　and
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　4we may　expect　the internal resonance.　　Substituting these values of　the parame-
ters　into Eq. (3.29) gives　the relation. between n./rij^ａｎｄω○/n1°　The result　is
shown　in F ig. 3.5a.　The　ｅｎtｒainedfｒｅqｕｅｎＣy％/nl varies continuously as
indicated　in the　figure (cf. Fig. 2.2).　The ampli tude characteristic　is calcu-
lated by using Eqs. (3.28) and shown in Fig. 3.5b.　To fix the values of
Ｚｌand Z^, it is　chosen　that L °Ｌ２(see the footnote of p.16).　　The arapli-
tude ^uO dips when ｎ１きn2゛ and simultaneously an increase　in the amplitude ^vO
results.*　The phase characteristic of　the entrained oscillation　is shown　in
Fig. 3.5c.
３。４　Concluding Remarks
　　　　Twotypical cases of the internal resonance in ａ self-oscillatory system
have been discussed.　When the　ratio between　two natural　frequencies　is　in　the
neighborhood of　1/3, the　two natural　frequency components　are entrained mutually・
i.e., internal　resonance occurs. The entrained oscillation.　is characterized by
the waveform which has　the　third-harmonic component predominantly。
　　　　Whentwo natural　frequencies　are close each other, they are also entrained
mutually.　This　type of　internal resonance occurs when the　two resonant circuits
have nearly equal　resonant　frequencies　and are weakly coupled.　The ｅｎヒrained
oscillation has　ａ　single harmonic component.　The entrained　frequency and
amplitude characteristics vary continuously with varying frequencies of the
resonant circuits.　When the　internal resonance occurs, the amplitude shows　the
dip phenomenon.
゛¥　This　phenomenon　is used　in　the absorption-type　frequency meter.
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Fig.　3.2(c).　Ai°iplitude characteristic　（ｋ１１r１０ａ゛d k2ｒ20）゜f the
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Fig.　3.3(b).　Amplitude characteristic　（1゛10and 720）of　the entrained
　　　　　　　　　　　　　°scillatl°n0(0. ^ω2）“
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Fig.　3.5(b).　Amplitude characteristic of the entrained
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2.0
? ? ? ?
? ? ? ?
… ? ?







一 一 一 一
-
－ 一 － － W ■ ･
－ 〃 - ¥ ■ ｒ 還 ■ - - 倖 － － 争 -
　　　　1.0
n2/n1→
・ 一 一 〃 W 今 － 皿 皿 嘩 - ■ 一 四 ■ ■ － ． ¶ － － ・ － － ． ． ■
- - . a - = - - ･ - ■ ･ 皿 ･ - Ｗ 一 心
－ － 一 一 －
Fig. 3.5(c). Phase characteristic of the ｅｎt:rainedoscillation (ω1ｓ(U2)．
2.0
- - W I J
一 心 Ｊ － － 一 一
　　　　　　　　　　　　　　　CHAPTER ４
FORCED OSCILLATIONS　IN Ａ SELF-OSCILLATORY SYSTEM
　　　　　　　　WITHOUT　INTERNAL RESONANCE
4｡1　Introduction
　　　　　Inthis chapter we study　the behavior of　ａself-oscillatory　system under
　the　influence of　an external　sinusoidal　force.　We assume　that no　internal　reso-
　nance occurs・・Forced oscillations　in ａ　self-oscillatory　system vjith one degree
　of　freedom have been studied　in a number of　reports〔6, 10, 26, 27, 35〕．　The
　natural　frequency of　the self-oscillatory　system　is entrained by　the driving
　frequency provided　that　these　two　frequencies are not far different.　If　their
　difference　is　large enough, an almost periodic oscillation occurs.・　The natural
　frequency of　the　system　１Ｓ　alsoentrained by a frequency which　is an　integral
･multiple or submultiple of　the driving･f-requenoy when. the ratio between　the
natural　frequency and　the driving frequency　1S　in　the neighborhood of an. integer
or a　fraction.　These phenomena of　frequency entrainment, i.e., the external
resonances are called　the harmonic, higher-harmonic, and subhairmonic　entrain-
ments, respectively〔101。
　　　　　The　frequency entrainrnent also occurs　in ａ system with　two　degrees　of
　freedom.　Since　the system under consideration has　two natural　frequencies, one
　may　expect　the ･occurrence of　the harmonic. higher-harmonic, and subharmonic
　entrainments between the driving　frequency and one o£　the　twonatural　frequencies.
　If　ａ component having　the other natural　frequency also builds up, the resulting
oscillation becomes almost periodic;　on　the other hand, if　it doesn't build up.
　the resulting oscillation　１Ｓ　periodic〔5, 21〕．　If　there exists ａ certain rela-
　tionship among the driving frequency and t:he two natural frequencies〔24, 36],
37
38
for　instance, if　the driving frequency　is　in the neighborhood of　the half of　the
sum of　the　two natural　frequencies.　this mean frequency　１Ｓ　entrained by　the
driving　frequency.　The　resulting oscillation containing three components of
frequencies　is generally almost periodic。
　　　　　Theaveraging method　is applied to　the analysis of　the standard　form of
equations (1.21) and (1.25).　Depending on the types of the external　resonance.
different　forms of　the autonomous　systems are derived.　The stability　is　tested
by using the Routh-Hurwitz　criterion.
4｡２　Derivation of Autonomous Systems by　Using　the Averaging Method
　　　　In　this　sectionwe derive autonomous　systems by using　the averaging method。
If the driving frequencyω1ｓ　in the neighborhood of one of the two natural
frequenciesω1 and (J-≫ one may expect that　the natural frequency　１Ｓ　entrained
by the driving frequencyω.　In this case the standard form of Eqs. (1.25) must
be cons idered.　I£ not so, the standard　form of Eqs. (1.21) must be considered
(see Sec. 1.3)｡
(ａ)　Autonomous Systems Derived When 0)きωｉ




The frequencies Ik).^ and 0)20 are in the neighborhood ｇｆω１ａｎｄω２r゛espectively゛ and
one of　them　is　equal　to　．ｗ　We assume that the entrained oscillation consists
を　When tO^ω １゛ for instance, we set ω１０゛ ω゜ Then・it　is shown ｔｈａｔ％Ｏ
1ｓ equal tｏω2 andω21゛ω22゛‘¨　vanish　(see Ｓｅｃ。A.3.1)。
－ 　 　 ４
1･ j●　・
of　two components of freqi‘lenciesω１０８゛ｄω２０［seeEqs. (4.7)］’　Substi ｔ゛ting
Eqs. (4.1) into Eqs. (1.25) gives
ｇ゛回
○｀≒IJF30（゛’y゛X,
y, t) + 0(U^)
ｙ゛哨ｏyリＣ３０(も/ｙ･ i･夕･1:)｀'゛09A2)
where






- (x + y)^](i'゛夕)
i ゛ ky)4‘ k^n-B COS ωt}゛2ω10ω11｀
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３０






- (x゛ｙ)2](1 ゛ i)
゛‘5(k X + k2y)゛kl゛IBl c°ｓ゛:}“2％ｏ％1ｙ









ｒ２゛θ１a゛nd Q are　integration constants.












We assume　that, for ａ　small value ofJ』９both the ampl itudes r,(t). r (t)≫and
the phase angles e1(t)'θ2(t)゛ｅ slov゛1y゛ ８・ｙi゛gf゛l゛ctionsof t‘　By ゛sing Eqs.
(1.14) and (4.6), the solution of Eqs. (1.24)？written as
●
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　Substituting Eqs. (4.6) into Eqs. (4.2) gives
l





i2 sin (ω2♂゛弔）゛・j2 c°ｓ（％OI ゛ ?2）ニご心ｇ３０（1:1’ 172’θ,.9,..ﾆ）
where　ｆ
3０（i1゛l’2゛θ1゛θ2,
t) and g30（lrl゛r,. θ1゛θ2゛‘t) are the f゛ncti°゛ｓobtained
by substitution of Eqs. (4‘6）1゛to Ｆ３０ａ゛d G30 10f EqＳ°（4‘3), respecti゛ely.






cｏｓ（％Ｏｔ ゛ θ2）爽・2θ2 ｓi゛（6J20ｔ ゛θ2）7｀Ｏ
(4．9)
From Eqs. (4.8) and (4.9) we obtain the simultaneous different:ial equations






























Equations　(4.10) show t:hat r 8゛d ei（i°1タ　2）　are both of　the order ｡of u;
therefore, as　expected, r.　and 01　are slowly varying functions of　ｔ. Hence, upon


















r.e, = - 心1こﾊﾟﾝ 3o（1’l”2J1’θ2’ｊ）ｃ°ｓ（％ｏバθ2）（1゛
The　integration　is　to be performed with respect　to　the explicitly　appearing ｔ
in　the　integrant.












　　　　會　The symbol　corresponds　to　the classifiication of　the　type　in. Tables １４．1
t0 4.4.　　　　　　・











2 °J』ω211r2 ° 172h4(ｌ'1・172・
θ1'θ2)
where f71and らare given by Eqs. (2.8).






















The averaged equations (4.12) and (4.13) are derived under the assumption
●　　　　　　　　　　　　・　　　　　　　　　　　　　　　　　　　●４･･ ｌ●．　　　　　　　　　　　　　・
that no　internal　resonance occurs. Therefore,ω２０ is neither equal ｔｏω１０ nor
3ω　.　The　internal　resonance will　be discussed　in. Chaps. 5　and 6．
　　1０
(b) Autonomous Systems Derived When ωIs Not nearω．
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ｌ
　　　　Weconsider　the standard　form of Eqs. (1.21).　When　the　ratio between the
driving　frequency and one of　the two natural frequenciesω1 andω2 is in the
neighborhood of　an　integer (different　from unity) or a　fraction, one may　expect
t:he occurrence of higher-harmonic　or　subharmonic　entrainment.　Ｔ０　investigate
this phenomenon, we assume　that　the entrained oscillation consists　oE ａ component
of the driving frequencyωand two components of frequenciesω１０ ａｎｄω20 w゛hich
are slightly different fromω1 andω2〔see Eqs. (A.16)］．゛　We developω1 andω2
* The frequencyω10（i’1゛2）゜８y be equal tｏω1（ｓｅｅSec. 4.3).
． ●
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Ｃ°ｓωt)^](x + y -u;a ｓl゛cotﾆ)
1
1
゛ ｋｏＶ -t≫>A2 ｓl゛ “)t)}‘2aJ10ω11゛
2０（゛’y’i゛i’t）゜G2(x,





- (x + y ゛ＡＩＣ°Ｓ“Jt)2〕【i゛i‾゜JAl ｓ1 “゛】t)
+ ＼y “ ゛A2 ｓ1 “゛Jtﾆ)|－2吟ｏ吟1ｙ
The generating solution of Eqs. (4.14) takes　the same foててｎas Eqs. (4.5).　There-
　　　　　　　　　　　　　　　　　　・　　　　　　　　●　　　　　　　　　　　　－fore, when u十〇, we assume that the solution of Eqs. (4.14) also takes the same




(tﾆ) COS[ω1♂ﾆ゛0,(t)] + r‘2(t) c°ｓ〔弓ｏtﾆ4｀θ2(t)〕４｀Ａｌ COS tot
r^(t:) COS a‘J10t ゛ 01(ｔ)]゛k2172(tﾆ) COS〔ω20t ４‘θ2(t)〕゛A≪ cos u)t
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　(4.16)
　　　　■　吻　As　onesees　from Eqs°（１°19), the amplitude Ａ１０ｆ the harmonic oscilla-
tion becotr.es zero whenω＝＝ｎ２° Therefore゛ when Cl)is in the neighborhood of ｎ２゛
the term containing Ｓin ωｔ must be considered.
4４
　　　　Substituting Eqs. (4.6) into Eqs. (4.14) and using the averaging method as
we have　done　in Eqs. (4.8) through Eqs. (4.11), we obtain an ａｕｔ：onomous　syst：em
of　the same form as Eqs. (4.11);　i.e..





















2０（1rl l゛’2゛∂1゛θ2 t゛) and g20GI゛ 172゛
∂1’θ29t）ａｒｅ
the funct:ions obtain-
ed by substitution of Eqs. (4°6) into Ｆ2０and G20 of Eqs. (4.15), respectively.





　　　When ａ certain relationship exists ａｍｏｎｇ（t）10゛ω20゛ａｎｄω｀　someof the
freq゛encies listed l゛（4°18) may Ｃ°incide ＼゛ithω１０８゛da）20゛ For instance, if
ω゜（叫○十a)2o)/2. the freq゛ency components 2ω“匈20 and 2（∂‾（tＪＬＯcoincide with
ω１０ａｎｄ弓○゛respectively° Therefore　these　terms　do not vanish upon　integration
of Eqs. (4.17).　　In　this case, one may expect ａ kind of　resonance。i.e., the
entrainment betweenωand (cJ“゛’ω2）/2°These relationships including {U= tU.,
are summarized　in Tables ４．１　ｔ０4.4.　The relationships　listed　in Table ４．１　are
the cases where no　internal　resonance occurs. １゛ｅ‘ t゛he ratio between a) and
w　See　the expanded　form of　f20 and　g20　1n Appendix l゛
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ω２０　is not an integer or a fraction.　Table ４．２　shows　the cases where　the　inter-
nal resonance ３ωＬＯ°ならＯoccurs. The relationships in Table ４．２are realized
when　the driving　frequency ，is　applied　to　the　self-oscillatory　system discussed
in Sec. 3.2.　Table ４．３　shows　the　internal　resonance sCil°（政!○゛ where Ｓ is an
integer　(different from ｌ and 3) or ａ fraction.　ｌｆ（∂１０ °％Ｏ゛ the derivation
of the standard form of Eqs. (1.21) and (1.25) ceases to be meaningful (see Sec.
1.3).　Therefore, the averaged　equations (4.17)　are o£ no use.　　Performing　the
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　４integration of Eqs. (4.17), however,･suggests us that the　external　resonances
as　１isted　in Table ４．４occur.
　　　　In　this chapter we　treat　the cases　listed　ia Table 4.1.　The　internal　and
external　resonances　listed　in Tables ４．２and 4.3 will　be discussed　in Chap.　５．
The internal and ｅｘｔ：emal resonances listed in Table ４．４will be discussed in
Chap. ６‘　Ｆｉｇ゛１７ｅ４ １゛ Ｓｈｏ｀゛Ｓthe relationships ８°゜゛多ω１０゛ω２０８゛゛ａωlisted ｌ゛
Tables ４．１　ｔ０4.4.　The coordinates　in the　figure are　the　ratios of　the　frequen-
cies.叫○/ωａｎｄω20/ω゜嚢　The symbols in the figure correspond to　those in Tables
４。１　ｔ０4.4.十
　　　　When no　internal resonance occurs, performing the　integration of　Eqs. （４・１７）
gives　the　ｆ０１lowing averaged equations.
ｗ　ＳｉｎＣｅω１０≦哨○w゛e consider only the ｒｅｇｌｏｎωIO/ω<W20/W on the coor-
dinates plane (see the footnote of ｐ．4).
　　十For ｋ ゛Ｏ‘58゛d｢゛2/゛1゛ 1.0, ｀゛ｅobtain Wj/cU,゜0.577 (see Ｆｉｇ°2‘1).
Then we obtain the following relation betweenり1/(J and ω'oMi.e°゛
　　　　　　　　ω1畑ｓ(叫/(吻)(仙加)゛０.５７ＷＪｂ)
This　linear relation　is　plotted on the　figure by　the dotted line (see Table 4.5).






































































































Table ４．３　Classification of　the external　resonance


















































































































































































































［（ら‾2Aで‾2べ’O 172‾2Af1゛２ COS （91゛2θ2）］
A r r ｓi“（θ1゛2θ2）］













































































171θ1叩［゛1j1 ゛耐々2今ぐＡｊｌｌ｀2 sin (29^ - e2）〕





　　　　It　is　easily seen that some of　the averaged equations (4.12), (4.13), and
(4.19) through (4.29), are derived from the rest of the equations by interchang-
ing some parameters.　For　instance, Eqs. (4.13) are derived from Eqs. (4.12) by
interchangingω１０ａｎｄω20゛ω11 ゛dω21゛ｌ｀1　8゛ｄｌ｀2゛θ1　飢dθ2 , k and k･ Pi
andら．　Equations (4.24) are also deri゛ed from Eqs. (4.23) by interchang ingω11
0
1 and - Q‘　　Therefore, we　treat only the autonomous systems (4‘12),
(4.19), (4.21), (4.23), (4.25), and (4.29) in the following analysis.
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４．３　Entrained Oscillat：ions　in ａ System without　Internal　Resonance
　　　　As mentioned above, six types　of　autonomous　equations　are　obtained.　Equa-
tions (4.12) are derived whenωきω１゛　One may expect the occurrence of　harmonic
entrainment.　Similarly, Eqs.　(4.19) and (4.21) are derived when CJ ^ω1/３ and
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●　　　　　・
ωさ３ω'., respectively.　In these　cases one may　expect　the occurrence of higher-
harmonic and subharmonic entrairunents.　Equations (4.23) and (4.25) are the
autonomous systems whenωき（ω1 ＋ω2）/2‘1“dωｔω1＋2吟゛　Under　these Condi-
　　　　　　　心
tions　ａkind of ･resonance amongω１゛ω２゛ａｎｄωmayoccur‘　Equations (4‘　29) are
the system without external　resonance.　In this　section, we　investigate　the ・
harmonic, higher-harmonic, subhartnonic, and combination oscillations as　caused
by　frequency　entrainment.　　　　　　　　　　　　　　士
4.3.1　Harmonic Entrainment　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　。
　　　　Weconsider the entrainment　of　frequency, i.e., the external　resonance
which occurs whenωｇω１
（ａ）　Steady-State Solutions
　　　　　Thest ady-state　solutions of Eqs. (4.12) are obtained by equating を．゛○











denote　the steady-state values of　ｒｌ゛ｒ２√and 0
y respec-







































By using Eqs. (4.35) a゛d (4.36), the ampl i tudes ｡゛ｌｏａｎｄｒ20aｒｅcalculated.
　　　　　　　　　　　　　　　　　　　　　　　　・Regarding　the frequencies, from Eqs. (4.30) we obtain t∂21°○゛ Therefore, from
Eqs. (A.I) we obtain
　　　　　　　　　ω20べら








　　　　From　thesolution (4.7), we　see　that　the　steady　stat二e(1) corresponds　to
the periodic oscillation　of　frequencyω９　ｉ．ｅ･, the harmonic　entrainment.　The
steady　state　(2) corresponds　to　the combination oscillation having　the components
of frequenciesωａｎｄω２°　This　oscillation　is generally almost periodic.











゜P1゛ ｒ20 ° ○゛（1“1°○
゜０， rjo ゛ら゛ω21°○
ﾊﾞ2R ‘ Pl)/3･｛o ° (2f, ’ら）/3･％1°０･（l｀1゛Ｏ
(A.39)
(4.40)
Solutions (4.39) and (4.A0) coincide with those of the self-excited oscillations
given by Eqs. (2.11).
　　X'Jhenω-u,^, the Ｓ°ｈti°゛ｓ°f Eqs. (4°13) are obtained by interchangi゛gω１０
ａｎｄ鴫9’ω11 8゛d‰1゛勺.０ａｎｄりＯ’θ10and e20･ k1






　　　　Thesteady-state solutions given by Eqs. (4.32) through (4.38) are maintained
only when they are stable. The stability of the solutions is tested by the behav-
ior of small variations, ?^√112゛q1゛and r?2゛from the steady-state values, r ,
ｒ２０゛ e
10・ andθ20゛ respectively, i.e・，｀ｙ
r1 °ｒ10＋11゛ r2 ’「 2ｏ＋ち




If　these variations　tend　to　zero with　increase of　time　t, the corresponding






























1 ゛ 812ぢ2 ゛ 813り1 ゛ 814り2
1§1 ゛' 8゛22112 ゛ 823ﾘl ゛ ８２４ず?2


















































The symbol (　) denotes　the　insertion of　the steady‘statﾆｅ ｖａｌｕｅＳ゛ｒｌＯ゛ｒ２０゛
θ１０’゛ （ト0 - after differentiation.　The　characteristic equation of　the　system
















































































































　　　　The　steady-state solution　is　stable, provided that　the　real　parts　ｏｆλ゛Ｓ
are negative.　The　stability conditions are given by using　the Routh-Hurwitz
criterion (see Appendix II), i.e.,
　　　　　　p > 0, r > 0, s > 0,
　　　　２　　２pqr - r 。－ｐｓ＞○
(4.46)
As one sees from （4’43）゛a4i　ｙ Ｏ（i°l,.,,4),i.e., s°０　in Eqs. (4.45). There-
fore　the characteristic　equation (4,44) is　reduced　to
λ(X + pX + qX + r) = 0 (4.47)
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Thus, one of　the characteristic root　is　zero."　Hence we see　that　the solution
１Ｓstable provided that十
　　　　　　　　　　　　ｐ〉０，　ｒ〉０，　pq - r〉Ｏ　　　　　　　　　　　　　　　　(4.48)
　　We consider ｔﾆhe stability conditions for the t:wo tﾆypes of solutions in Eos.
(4.31).
（1）　Ｆｏｌr｀1710tＯ゛ｌ゛20 ゛ ○゛we obtain the　following characteristic　equation by









From the condition that　the real　parts　of　the roots　λ･ｓ　of　Eqs. (4.49) are nega-'
















where町is given by Eq. (4.33).
（2）　For 1710 t Ｏ’゛20 1 09 the stability Ｃｏ゛ditions are given. by (4.A8)‘　By
using Eqs. (4.43), (4.45), and (4.35) through (4.38), we obtain
　　　Q　This　result　is due　to　the　fact　that　thefrequencyω' does not entrained
by the driving frequencyωin the system (4.12).
　　　十　It　isreadily verified　that the vertical　tangency of　the response curve
occurs at the stability limit r = 0 (see Appendix II).
p°？f-mlrけ（2ml ゛ m2鳴“2（m1 ゛ m2）ｒ70｝
ｑリゐで喝一呪→･べｏ)(r1－2ら０ぺｏ)－ゾ？12(らーべｏ)
　　X(Pi - 2p2 + 6ぺｏ卜りj囁.)2
1=＝りふ210[ぺ(r1 一呪゛3ぺｏ)(G一呪4｀司ｏ)゛ω11]








　　　　　Inthis chapter ａ numerical　analysis was carried out　for the parameters　as
given by*
　　　　k゛、li;Jiﾖ;゜0.5　　　･･(゛2/゛1)215 ゛ ○゜5　　8゛d　　゛2μ1°1｀･Ｏ
The ａてtiplitudesｒ１０ ｒ゛２０ a゛nd the phase angle ∂１０are calculated by using Eqs.
(4.32) through (A.38). Figure ４．２shows the response curves for the harmonic
and the combination oscillations.　The harmonic oscillations corresponding
ﾋｏ the steady state (1) of Eqs. (4.31) are represented by thick ｌines. ０ｎ the
other hand, the amplitudes ｒ１０゛ｒ２０゛ａｎｄ　thep ase angle　０１０o£ the combination
oscillations are represented by fine lines.　The stability o£ the oscillations
is　tested by using the conditions (4.50) and (4.48).　The unstable Ｐ・rtions o£
女　When no driving　force　is　applied, this　system has　two kinds of　self-
■excited oscillations, whose amplitudes are both 瓦＝珂＝珂（ｓｅｅ Sec. 2．3C）．
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the characteristic　curves　are shoi'?n by　broken lines.　Figure ４．３　shows　the
amplitude characteristics of the harmonic and the couibination oscillations. The
１‘elationship betv゛een(An.BかU))^andべＯｉ{Ｏ ｆｏ゛ several values of or is plotted‘
　　　　ｌｎ､Fig, 4.4 are shown the regions　of　the harmonic　entrainment and　the com-
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●
bination oscillations on the Ｂωplane. When Ｂ is small ａｎｄω is in the neigh-
borhood ｏｆω, both　the harmonic oscillation and　the combination oscillation.
occur.*
4.3.2　Combination Oscillations without External Resonance
　　　　We see　in Fig. 4.2a　that　there　is　no stable harmonic oscillation at ａ１１　１ｆ
the det゛゛1゛ga71 1S ｓ゛fficie゛t:1ｙlarge coT.pared ｀゛itｈ（4゛1Bか!｀））tl゛ other w゜rds.
the self-excited oscillations are not entrained by the driving frequencyω, if
the　driving　frequency　is　far　from both of　the natural　frequencies.　In　this　case
the solution　is assumed as Eqs. (4.16).　In　this　section. we consider　the case･
A13 where no external　resonance occurs, i”¨’
　　　　The　steady-state solutions of Eqs. (4.29) are obtained by ｅq゛ating r^°12















　　　　兪　By　considering　the　integral　curvesof　the system (4.12), we can s tudy
the regions of　initial　conditions which　lead　to　the hanronic oscillation and
the combination oscillation.　Such an analysis, however, i･Ｓomitted　in　this　study.










From the　last　two tr.eitibers　o£Eqs.　(4.53) we obtainω１１ ゛Ｏ and 鴎1 ゛Ｏ when
１７１０１ ０ ゛d l゛20 4 0‘　This resul ｔ　shows　that　the components of frequencies ^jl),
^
and (J of the combination oscillations (4.16) coincide with　the natural frequen-
ciesω１　ａｎｄω,, respectively.　We see, from Eqs. (4.53)゛　that　there are four









The entrained oscillation exists　in (1):　while, in (2), the solution has　two
frequency componentsω1 8゛d ω゜　I゛(3), the solution has two frequency ＣＯ°po‾
nents UL andω.　The solution in (4) has three frequency components ω', oL, and
ω‘　SinceωＰω-, andωare generally 1°Ｃｏ°lensurable゛the Ｓ０１゛tionsi゛ (2), (3),
and (4) are almost periodic｡
　Introducing small variations ?. and 112 def i゛ed by Eqs. (4‘41), we obtain　the






The　stability conditions are obtained　from the condition that　thereal　parts of
the roots of　the characteristic　equation of　the system (4.55) are negat:ive.
（1）　For l’10 ° ｌ゛20 ’ 09 ｀゛ｅobtai゛
AI＞兵　　and　　ＡＩ＞ひ
（2）　Ｆｏｉ｀.i｀10キＯ゛1r20 ゛ 09 we obtain
ぺくひ　・．j　ぺくいlk



















　　　　From　conditions　(4.56), one sees　that　the harmonl‘ｃ　entralnment occurs　at




４。３．３　H i gher-Hartnon i c Entrainment
　　　　　　We　treat　the case A3　in Table ４．１ vhich occurs when CO^
Cり^/3. The steady-
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●　　　　　　　　　　　　　　　●state　solutions of Eqs.　(4.19) are obtained by equating i1
’ Ｏ and　θ1゛○゜
（jl｀2A7 ’ 1’70 ’ 2（Ｏ）1r10 “
4
A? COS θ10’○
（ら’2AI ゛ 2べ○“（○）1720 ° ○
゛11’lo゛ べ'ぶ≒7 A? ・liヽe1．=ｓｏ



























In　the　steady state　(2), e1 iminati°8 010 1゛ Eqｓ°（4°60) gives
〔(f1－2AI－1{ｏ－24})2→･べ〕{ｏ・(い?)2
fz - 2A卜司o'{ｏ°Ｏ



























Sinceω21 °○．the frequency U}^^ 1ｓequal t°ω2’ln t:he steady state (1), the
oscillation consists of　two frequency componentsω８ｎｄω10（“3ω). The natural
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frequencyω1　isｅｎtﾆrainedby the　thirdharmonic of driving frequencyω．　The
solution of the steady state (2) has the natural frequency oL in addition ｔｏω
and　３Ｃｔλ　Thisoscillation　Is generally almost periodic.・
　　　The stability of　the oscillations　is tested in the same manner 卵ｗｅhave
done in Sec. 4.3.1b. The coefficients of the variational equations (4.42) are
811 ゛｝1゛1（q｀2Ai ‘ 3｛Ｏ ’ 2゛:Ｏ｝





a21 ’‘ 4 >^"2'l0'20

















m T呵i;'こ"I ゛　　　m2 ゛ 呵i;T'こ‾i;
(4.66)
The stability conditions are given by (4.48).*　For the steady state (1)≫ the
　　　　兪　It　isseen that　the vertical　tangency of　the response curve　occurs at
the stability limit ｓ = 0 (see Appendix II).
characteristic equation of　the variational　equations of Eqs. (4.19) becomes
λヤ2(ら7 2A卜2(ｏ)りヽ〕{[戸11(q－2A卜310
刈如l(4'2A卜(ｏ)゛λ]゛卵1ら)2卜Ｏ













　　　　Ａ numerical analysis of　the respoQse characteristics　for the higher-harmonic　　゛
and the combination oscillations was carried out　for the same values of　the
system parameters as　those　inSec.　４．３．１ｃ，１．ｅ・９
ｋ・０．５ (゛2/?l)2δ’i)’5　　　8゛d　　　n2/n ’1．０
The resp°゛ｓｅcur゛es calculated by using Eqs. (4.62) through (4.65) are 11lustrat:ed
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●　　　　　　　　　　　　●　●
In Figs‘　4‘5 and 4.6.　The
thick lines in the figures represent the ampli tude ｒ1０
8゛d the phase angle 8.^ of the higher-harm°゛lc °scillati°゛゜The stability
°f the
solutions　is tested by using conditions (4.48) and Eqs. (4.66).　The broken ｌines
of the response curves shov the unstable oscillations.　The amplitudes ｒ1･○゛ｒ20゛
８゛d the phase angle
∂10
°f the combination oscillation are represented by fine
1ines　in Figs.　4．5 and 4．6．　　It　isseen　that both t:hehigher-harmonic oscillation
and　the combination oscillation occur for small values of (Ty
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4．3．4　Subhartnonic Entrainment
　　　　We treat the case Ａ５ １ｎ Table ４．1 which occurs whenω113ω^. The steady-
state ｓ°1゛ｔ10゛ｓ
j）f
Eqs, (4.21) are °btained by setting i’1 ° ０ ８゛d
61
’ ○゛ 1‘ｅ°゛
（F1 - 2A:｀｛○ ’ 2・:○｝゛10 ’ ^I'lO ''''^ ^^10 ’ O
　　　　　　6
（FI! s 2AI ゛ 2｛○ “ ゛:Ｏ｝ｉ｀20’○
　　　　　　ωu'^io゛
j7可≒‾i7
A110 ｓl゛3a_ - 0
　　　　　　％1ｒ20゛○　　　　十
Equations (4,69) give four different states o£equilibritnn.
　　　　　　　　　　（1）　゛’109゛　゛２０Ｊ’○
　　　　　　　　　　（2）.・10÷○’　1r20°Ｏ
（3）1rlo ’ ０.　1720 ｔ’09　ωii” ○
（4）ｒ
1０
＋○゛ ・20 41 0゛ ω21’○
In the steady state (2)・eliminating 01０gives













1 （fl “ 2A: ‘（Ｏ）











FI’゜ t゜he relat!ｏ゛ω21 ’ ○’the frequency （゛‘1!01ｓ f°゛i｀ｄto be equal t°吟‘ In the














COS ^8io ’石≒;（f1 “べ‾｛Ｏ ’2・:ｏ｝
(4.73)
(4.74)
　　　　Thestability conditions are derived from the characteristic equation (4.47).


















（4）　Ｆ°1’1710 ＋○゛　゛’20＋○゛ｔhe stability condlti°゛ｓ are g1゛ｅ゛ by (4°48）’　By
using Eqs, (4.74) It is shown that if ｒ in EqＳ。 (4.A7) is positive, q becomeo
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negative.　The stability conditions (4,48) are never fulfilled.　Therefore, this
solut:ion　is unstable*
　　　　In the steady state (1) the harmonic entrainment occurs. The steady state
(2) corresponds　to　the subharmonic entrainment.　The self-excited oscillation
having the frequencyω1　1ｓ entrained by a frequency which Is one-third of　the
÷
driving frequencyω．　Therefore, the resulting oscillation consists of two frequen‘
cy components Cl)and CJ (≫ω/3). The steady state (3) c°ｌ’1:*espondst° the Ｃ０１゛b1‘
nation oscillation having the frequency components W and UJ_‘　In the steady state
(4) the combination oscillation having the　frequency componentsω゛ω/3゛ ａｎｄω２
occurs.　The　first and　third case3 are　Identical with those already discussed　in
　　●
(1) and (3) of Eqs. (4,54), respectively.　Hence≫ the stability conditions given
by (4.75) and (4.77) are also identical with (4.56) and (4.58).
Numerical Examt!!旦
● ぺ
　　　Ａnumerical analysis of the response characteristics for the subhannonic and
the combination oscillations corresponding respectively to (2) and (4) of Ｅqｓ。
(4.70) was carried out by using the same values of parameters ａｓ’1n the preceding
sections, i.e..
ｋ･－０．５ （゛2/゛1）2占’○゜5　　　8°d　　　n/n ’ l’○
The response characteristics calculated by using Eqs, (4.71) and (4.74) are
illustrated　in Figs.　4．7 and 4.8.　The regions of　the harmonic and　１/３harmonic
entrainments given by the conditions (4.75) and (4.76) have an overlapping area
on the Bu) plane (see Sec. 4．4）．女　Therefore,If the driving frequencyωIs kept
constant and the amplitude B　is varied,　the response curves are subject　to hys-
teresis as　shown　in Fig.　4.8.
● ｀ ． Ｓ
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A.3.5　Frequency Entrainment: Which Occurs When ω- (u;. ゛ 1J2）/２
　　　　The frequency entralnment discussed　in the preceding sections occurs betueea
the driving　frequency and one of　the natural　frequencies.　The occurrence of
these phenomena may be expected fｒｏでｎthe study of ａ system with one degree of
freedom.　In ａ system with two degrees of　freedom ａ kind of resonance occurs when
the driving frequency ω４ｓ in the neighborhood of ａ linear combination of the
ｔ｀゛ｏ゛atural freq゛enciesω1 a゛d（J2゛I゛ this section we treat the case Ａ７ where
ω= (fO. '゛‘ω2）,/2゛
　　　The steady-state oscillations of Eqs, (4.23) are obtained by ｅq゛８ｔl゛gi1
　　　　　　●　　　●　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●
ｓi2°e1’a2’○’
(P, -2a2.4 “ 2・:ｏ｝ｌ‘1o’Ａﾄ２ｏ ｃ°ｓ（010 ゛θ2o）゜ｏ














In the steady state (1), the harmonic entraintnent･occurs.　In the steady state
(2), the combination oscillation occurs.　This oscillation. has　three frequency
　　　　脅　Itdepends on the　initial　condition as regards which kind of oscillations
occurs　in　this area.　By considering the　integral curves ，0fEqs. (4.21), we can
study　the regions of　initial　conditions.　Such an analysis, however^ is omitted
in this　study.







● ･ ･ ・
Ｗ
So1゛1゛8 Eqｓ°（４°81)and Eqｓ‘（4°82)simultaneously gives the amplitudes 1710 8゛d
The frequencies （all and （む121 1n Eqs. (A.I) are obtained by substituting Eqs. (4.83)










ｃ°印゜゛entsω.ω10y ８゛d a）20゛ related bｙω’（ω10十弓○）／２ °゛ｄ　is gener‘ally ８１°゜st
periodic.　since bothω１０ａｎｄω２０ａｒｅ unknown.ω１１ ８゛ｄａ）２１１゛Ｅｑｓ°(4.78) are
also unknown;　while　the sum ω１１　＋ω２１　Iscalculated from Eqs, (4.1), i.e・，
JJ（ω11 ゛ 4J21）’ω1 “ω10゛ω2‘ω20゛Ｏダ）’ω1゛(0 - 210 ゛ 0(/)　(4.80)
Elitninati゛ｇ ｃ°ｓ（e10 ゛θ20）fｒｏｍ the　first tｗ6でmembers of Eqs. (4,78) gives
　　　　（q“2AI“｛o’2（○）｛○’（弓゛2AI “ 2｛○“（○）｛○’○（4．81）
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ぺ

















　　　The variatlonal equations of Eqs, (4.23)･are given by Eqs. (4.42). For the
steady state (2) of Eqs. (4.79) the coefficients of Eqs, (4.42) are as follows:
811 ’戸l<pl ‘ 2AIし3{ｏ゛2(Ｏ)
812 ’ つJ°1［4゛IO゛20 ゛ Ａｉ COS （θ10 ゛ らｏ）］




822 ’戸゜2（ら’2AI “ 2｛Ｏ“3（ｏ）














843 °844 ’ﾀﾞ2A1謡ｃ°ｓ（θ10 ゛∂20）
(4.86)
Since ａ１３’ ai4（i ’.1”゜, 4), one o£ the characteristic　roots　is　zero･．　The
stability conditions are also given by (4.48).
　　　To investigate the stability of the steady state゛ ｒ10 ’ｏ ｒ゛20 °○ w゛e
consider　the small variations*：
゛ｓ gl COS （哨Ｏt ゛
e1）’ｙ




If　h　and 112 approach zero with the　lapse of　time　ｔ゛thesolution ｒ10 ’ ○゛
ｒ２０ = 0　is　stable.　The ampl i tudes 罵1 8゛d the phase angles θ1 °f Eqｓ°(4.87)
satisfy the ８゛eraged equatl°ns (4°23）゜　Replacing ・1 8゛d ゛｀2　1E゛qＳ°（4°23) by lil
and ?_゛we obtain・　十
vhere










We　introduce new variables aj^,b., aj* and b2 defined by




Substituting Eqs. (4,89) into Eqs. (A.88) yields the variational equations with
　　　　゛'The varlational equations (4.42) of Eqs. (4.23) have　the coeEficients
contai゛1゛8 1/゛10E1/・20√８゛d∂10 ゛e20 as shown in Eqs.　(4.86).　In the steady
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　・
state り）， however, the ampl it゛des　゛゛１０ａｎｄｒ２０ａx‘ｅzero ande104｀e20 is unfixed^
　　　　　　　　・Therefore, the variational　equations (4.42) are not applicable to　the　investlga-
tion of stability・





















The conditions for stabil ity are that the real　parts of　the characteristic root:ｓ
λ゛ｓof Eq. (4.90) are negative.　From Eq. (4.90) we obtain the stability Condi-
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　女　　　　　　　　　　　，tions for the steady state (1) of Eqs. (4.79) , i.e..
　　　　女　Let us consider ａ quadratic　equation
　　　　　　　　　　　　　　　　　　λ２＋（ｊ?＋１１?･）λ＋ｍ＋ｌｍ･＝○
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　－
where i.　ｊ°．　TO,　andra≪are real　and　１　’、FT.　After some algebraic manipulation.
１ｔ　Is　shown that　the real　parts of　the rootsλ･ｓ　are negative provided that













　　　　Asmentioned　In Sec.　A.3.2, the stability conditions　for the hamonic oscil-
lation are given by (4.56), provided thatω1ｓ not in the neighborhood °f Q1 8゛ｄ
（J2°　The conditions (4.91) are゛ ゜゛the °tりer h8゛d゛ obtained v゛ｈｅｎωき（ω1゛（咆）/2‘
Therefore, one may expect that the region of harmonic entrainment on the Ｂω
plane contracts by the second condition of (A.91) whenωぢ（Ca1＋弓）／２（ＳｅＣ．４．４）。
　　　　WeＣＯれslder　the relationship among　the system parameters when the combine-^
tlon oscillation disappears.　The atnplｉtudes　ｒ１０and ｒ20 of the combination
oscillation are given by Eqs. (4.81) and (4.82).　When ｒ








and rjo tend　to zero.･we obtain from Eqs. (4.82) and (4.93)
[≫,(P, -べ)j 112(ら－2A7)〕2[(G － 2AI)嗚一2φ－Ａ?〕
　　　　　　　　　　　　゜●　　　　　　　　　　　　I･　　　　　　・●　　　　　　　　●
4‘(り11 ゛り21)早(G｀2AI)(ら'2AI)゜Ｏ (A. 94〉
It　is　to be noted that Eq. (4.94) Is　identical with the stability limit which
is obtained from the second condition of (4.91).
Numerical 112!1!!!!21旦
　　　　Let us consider　the same system parameters as before.　１．ｅ・・
　　　　丿゜０．１　　k =. 0.5　　　（゛２／゛１）２５’ Ｏ‘５　　　°゛ｄ　　　゛２／゛１二’1゛Ｏ
We introduce the detuning 0' defined by
(ｒ－





By using Eqs. (4.81) to (4.83), the relat:ions between (T ａｎｄ｛Ｏ√2 a ゛ θ２０
are　illustrated　for several values of Aj　in Fig.　4.9a　and b． The frequencies
ω10 8゛dω２０８゛ｅcalc゛lated by ゛ｓl゛8Eqs. (4.84) a゛d ｡(4.85) and p1°tted in Fig.
4.9c for　AI ・0.5 (thick line) and 0.7 (fine line). Response curves for varying
A1 (l.eり　B) are shovn　in Fig. 4.10. ・ ●ぐ ・ ・
The four points Ａ to D in Figs. 4.9 and 4.10 show the amplitudes・phase
angles, and　frequencies o£　the£our steady-state solutions for ．Ａ?Ｉ’０．７　and
0"= 0.6.　It is seen from Fig° ４゛９that the values of ｒ?○ ｒ゛：○ a゛nd ω１０tend to
２“ ２ＡＩ○゛√８ｎｄω１゛respectively*in certain branches of　the characteristic curves
as the detuning　＼o-＼ increases; while ｒiO゛ｒ;○ ａ゛ｎｄω20（’2（jJ’cJ ) tend to Ｏ９
oscillations discussed　in this section tend　to　those of non-resonant case 〔（２）
and (3) of Eqs. (A.54)〕as Id Increases.　These results mean that there are no
abrupt changes　In the amplitudes and frequencies of combination. oscillations
between those having three frequency components and those having two　frequency
components.　　　　　　　　　　　■
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4．3．6　Frequency Entrainment Which Occurs When ωざａｙ゛‘弓
　　　We discuss the case A9 where ω－（∂１０＋２吻○゜The steady-state solutions of













From Eqs, (4.96), we consider the following three cases:
　　　　　　　　（1）゛10’○’ '20 ’○




The steady　state (1) corresponds　to the harmonic encraininent：．　The steady ｓｔこate
(2) corresponds to　the combination oscillation having the frequenciesωａｎｄω１゛
These cases have already been discussed　in Sec. 4.3.2.　The steady state (3) is
also　the combination oscillation, which has　three fr‘ｅｑ゛encycomponent：ｓ（えJ．｛Ｊ１０９
８゛dω２０９related ｂｙω’“χ○＋2咄○゜By ゛sing Eqs. （4゛リ゛｀゛ｅｈａ゛ｅ
ﾉj(匈11 ゛2“ら1)’(えJI｀゛IO゛2(‘1!'2咄ｏ゛０ヅ)
　　上　　　＼・ω1＋2咄－ω＋09j2) (A.98)
Eliminating Ｃ°ｓ（θ10゛ 2e20） from the first･two members of Eqs. (4.96) gives
　　2(Pi - 2a2 ’
2
’ 2i:Ｏ）｛Ｏ’（ら’2A? ゛ 2ぺＯ’（Ｏ）｛Ｏ’Ｏ　　　　（４‘99）
E1 1°1゛ating θ10゛2θ20 flr°111Eqs 。(4.96) yields
where











Solving Eqs, (4.98), (4,99), and (4.100) simultaneously gives　the amplitudes ｒ1０





　　　　　　　　　COS(a↓2θ20）゜与（f1 “ 2AI ‾｛Ｏ ゛ 217:○｝
　　　　　　　　　　　　　　　　　　　　　^l'2O
(4.101)







　　　The stability conditions are given by (4,48), where the coefficients a. .
（1，j　＝　1，．．，4）of　thevariatlonal　equations (4.42) are as　follows:
811 ’戸1（q ’ 2AI.’3｛ｏ’24｝）




821 ’“ y゛2〔2110゛20 ゛ Ai'^ao c°ｓ（θ10゛2θ20）〕
822リλ゛2〔ら‘2AI ‘ 2｛Ｏ“3｛ｏ “ 2Al'lO ｃ°ｓ（θ10゛2θ20）〕
a23
･


















　　　　Thenximerlcal　analysis was carried out　for the same values･o£ the system
parameters as in the preceding sections. ･i.e・9
J.‘= 0.1　　k = 0.5　　　　（゛2/ぺ）2a’ Ｏ゛5’　８゛d　　　n/n °1．０
The response characteristics of　the combination oscillations which correspond　to
the steady state (3) of Eqs. (4.97) are calculated by using Eqs. (4.98) t:o(4.102)
and illustrated in Figs. 4.11 and 4.12. The detuning 0" is defined by
　　薦1゛2ω21　ω1゛2S“ω
（r＝『マ呵一石『下呵ｒ (4.104)
The hysteresis of　the response curves　is obser▽ed　in Fig,　４．12．　Asthe detuning
|（rl increases≫ the amplitudes ｒiO゛ｒ;o゛ and the frequency ω20 tend to zero≫
2‘ 2AI゛ indり2゛ respectively. Therefore the combination oscillation having




　４．４　Regions of Frequency Entralnment
　　　　　In　the preceding sections.　we have　investigated　the entrained oscillations^
　i.e., the harmonic, higher-harmonic, subharmonic, and combination oscillations.
　The response characteristics of　the entrained oscillations are obtained.　The
　stability of　these oscillations has been　investigated by making use of　the
　Routh-Hurwitz criterion.　From the results obtained　In the preceding sections≫
　the regions of　the frequency entrainment are produced on the BcO plane for
　　　　　　　　芦’○゜1　　　k ’ ○‘5　　（゛2/゛1）な’○゛ 5　　　a゛d　　　n2/゛1･ - 1.0
　as　illustrated　in Fig.　4.13 *　If　the ampl ｉ tude and the frequency of　the exter-
　nal　force are given Inside these regions, the harmonic, higher-harmonic, subhar-
　tnonic. or combination oscillation occurs.　The higher-hartnonlc, subhartnonlc, or
　combination oscillatioa occurs within ａ narrow range of the driving frequencyω．
　.０ｎ the other hand. the harmonic entrainment occurs at any driving frequency u)
' provided the atnpl i tude Ｂ of the external forcer Is sufficiently large.
　　　　＜　From the results　in the preceding sections, the stability conditions　£ｏｒ
　the harmonic oscillation are given ｂy〔condition (4,56)〕十　　．’
Dl ｓ q/2 .s AIくO
I）2゛ら/2’Ａ?＜Ｏ
(A.105)
　　　゛Ａｓmentioned before. t:heassumption of the solution (4.16) is not suffl-
cient ゛゛hencj3" n. (see the footnote°f p. 43 ).　The region of　the harmonic en-
trainment for cjs n　are calculated from the results in Sec. ６．３which are　　　　　　　　　　　２
obtained by assuming the solution as Eqs. (6.2).‘
　　　十In this chapter, we consider the case where n. ’n , Therefore, p. ’ら
〔see Ｅｑｓ‘(2.8)]and D ’Ｄ２‘
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provided that　the driving freqi!encyωis not in the neighborhood o£ ω1゛ω2゛ and
(％土ω1)/2°I゛ Fig. 4.13, one sees　that the continuity of　the boundary curve
Ｄｌｓ Ｄ２ ’ ０　１ｓdisturbed by the　Intrusion of　the region of　the Ｃｏてnbination osci １－
lati°゛ ８ｔ cO= (W士(∂1)/2．　０ｎ the other hand, the regions of the hannotxic oscll-
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ゝ
lation and　l/3-hannonic oscillation have an overlapping area.　　In this　area com-
mon to　the two regions, both the harmonic and　l/3-hannonic oscillations are
stably sustained.　The regions of　the harmonic oscillation and　the combination ０８－
dilation which occurs whenωき2ω2土(∂1oΓω包2叫土CiL have also ani overlapping
area of this type.　The boundary curve for the higher-harmonic entrainment is
obt:ained from the stability conditions (4.68). This boundary curve tends t;Ｏ
that given by D1 ’ ○゛ as Ｉ(1ﾓＳｌbecomes larger. It should be noted that there are
no abrupt changes　in the amplitudes of　the harmonic and higher-hartnonic coinpo―・
nents of an oscillation when Ｂ　Is varied across the regions of　the harmonic and
higher-harmonic entralmnents 〔10〕．　　　　　'゛
　　　　As mentioned　in Sees.　4.3.5 and 4,3.6, the ＣＯでnbinatlon. oscillations having
three frequency components occur whenωis in tｈｅ゛elghb°1'ｈ°゜d °f (aJ2土ωl)/2.
2弓士Ctl, and 2り1土(i) , There are no abrupt changes in the amplitudes of the
frequency components of the oscillation when (U is varied across the region lndl-
cated by broken ｌines (cf. Figs. 4.9 and 4．11)．
　　　　As mentioned　lR Sees.　4.3.1　and 4.3.3　1n the regions of　the harmonic and
higher-harmonic entralnments.　the combination osci nations tnay also occur for
small values of B (see Fig.　4．4)．　The regions　in. which such combination oscl 1－
1ations occur are not　illustrated　in Fig.　4.13.
８２
　4.5 Concluding Remarks
　　　　　　The steady-state oscillations　In ａ self-oscillatory　system under ａ periodic
　force have been discussed.　The autonomous　systems which are derived by making ・
　use of　the averaging method are classified according to　the relationship among
　the driving frequency and　the two natural　frequencies.　Then, we have　investi~
　gated　the phenoTnenon of　frequency entrainment　in the system without　internal
　resonance.　The response characteristics of　the entrained oscillations are
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　.　　　　　心　　　　　　.　　　　　　　　　　　　　　●
　obtained.
　　　　　　From these results　the regions of　the frequency entrainnent are reproduced
　on the Bωplane.　If　the amplitude and　the　frequency o£　the external　force are
　properly chosen in these regions, the entrainmcnt occurs at the harmonic, higher-
　harmonic.　０ｒ subhartnonic　frequency of　the external　force.　Moreover, if　the
　driving frequency　is　in the neighborhood of　ａ　frequency which　is ａ　linear combl-
･ nation of two natural　frequencies, this- llneas･ combination of the natural frequen-
　cles are entrained by　the driving frequency.　　In this case　the resulting oscil-
　　latlon　is an almost periodic and consists of　three harmonic components.　In the
　　region other than these regions of　frequency entrainment, there are　two kinds of
　　combination oscillations which‘ consist of　two simple harmonic components.　one　　　’
　　with the driving frequency and the other with one of　the two natural　frequencies
　　(Sec. 4.4a).
　　　　　　If　the external　force　is prescribed close to　the regions of entralnment.
　　the analysis　in this chapter does not account　for the almost periodic oscillation
very well.　　In this case.　the waveform of　the almost periodic oscillation differs
　　considerably from that obtained as ａ Bjxca of　two or three simple harmonic oscil-
　　lations.　The ‘almost periodic oscillations of　this type are omitted　in　this study,*
83
　　　　Bymaking use of　the results　in the preceding sections, the types of　the
external　resonances and　the　frequency components contained　in　the steady-state
oscillations are　sunmarized　In Table 4.5.　The symbols　in Table ４．５correspond
to　those　in Table 4.1.
Q
　　　　女　Thisalmost periodic oscillation　is　considered to develop from the en-
trained oscillation and may be expressed by ａ　sum of　the forced and free oscll-
lations, but the amplitude and phase of　the free oscillation are allowed　to vary
slowly with time.　The phase-space analysis　is applicable　to the study of　iｔ。
However, this method becomes practically compl Icated, since the analysis　is
compelled　to resort to　the graphical　solution　in a h1gh-dlmens i onaI　state space.
8４





















































































Notes：　Thesteady states markedｂｙ（‘*)are unstable.
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Fig.　4.6.　Response curves with varying ＡＩ（ω゛ω１／３）．
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Fig. 4.9(b). Phase characteristic of the combinatﾆion oscillation [(Ｊき(叫十弓)/21.
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Ｆｉｇ‘４°１２１　Response curves v゛ith ゛゜rying Ａ１（４ﾉ゛哨｀゛‘２弓）
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INTERNAL RESONANCE UNDER LARGE COUPLING
　　　BETWEEN TWO RESONANT CIRCUITS
５．１　Introduction
　　　　Inthe preceding chapter, we have　Investigated the behavior of　ａ　forced
self-oscillatory system;　however, ve confined our discussion to　the case where
no　internal resonance occurs.　　In this chapter, we treat the forced oscillations
in ａ self-oscillatory system in vhich the　internal resonance occurs.
　　　　Asment:ioned　in Section 3.2, the　Internal　resonance　in the self-oscillatory
system occurs　if　the ratio between the　two natural　frequencies　1S　in the neigh-
borhood of　1/3. When an external　force　is applied･to this　system, the external
resonance may also occur.　　If one of　the　two natural　frequencies　Is　in the
● ● ･ ・ ・ ・●
neighborhood of an integral multiple or submultiple of　the driving　frequency・
ｓ０　１Ｓ　theo r natural　frequency.　Therefore, one may expecねthat both　the
two natural　frequencies are entrained by　the frequencies which are　Integral
multiples or submultiplea of　the driving　frequency.　The resulting entrained
oscillation becomes periodic with two or　three components of　frequencies.　The
amplitude characteristics of　the entrained oscillations are obtained by using
the averaging method.　The stability of　the oscillations　Is tested by making
use of　the Routh-Hurwitz criterion。
　　　　Whenthe ratio between the two natural　frequencies　is　inthe neighborhood
of an Integer or a fraction (different from unity ･and 1/3), the ｅｎt:rainmcntof
frequencies among the driving　frequency and　the　twonatural　frequencies -also
occurs.　This kind of entrainsoent　isalso discussed　in this chapter。
　　　　Vfhenthe coupling between the　tworesonant circuits of　the oscillator is
85
small　and　their resonant　frequencies are close each other, the　internal　reso-
nance also occurs.　The　forced oscillations　in this　system will　be discussed
in Chapter 6．
86.
５．２　Derivationof Autonoirous Systems by Using the ＡｖｅでagingMethod
　　　　Whenthe difference between the two natural　£requenciesof　the system is
large enough, the standard form of equations (1.21) and (1.25) were obtained In
Chap. １．　By applying the averaging method for these equations. Eqs. (4.11) and
(4.17) were derived in Chap. 4. Performing the integration in Eqs. (4.11) and
(4.17) yields autonomous equations. The additional terms. however, appear in
the right-hand sides of　these equations, if　there exists ａ cert：ain relationship
amongω１０゛ω２０゛　ａｎｄωaslisted in Tables ４．２and 4.3.　In this section we
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　７derive the autonomous systems　for these cases・
（ａ）　Autonomous Systems Derived When 3ωＬき（4J2And ω~
i
　　　　Weconsider　the cases where　the external resonance.ω゜印１０（ｌ°1, 2),
occurs besides　the　Internal resonance. ３ω１０ｓ 弓○‘　Performing the integration
in Eqs, (4.11) yields the following two autonomous systems.















































(b)　Autonomous Systems Derived When':3W|^≪(0^'AndωIs Not near･ω１
　　　We treat the case where the internal resonance ３ω1gω２ occurs but the
driving frequencyω1ｓ not in the neighborhood of the natural Erequenc les ω1
and Cえ)2°　Inthis case we consider Eqs. (A.17).　Performing the int:egration of
Eqs. (4.17) yields the autonomous equations in what follows:
B3:　Whenω’ω10/3 °ω2q/9, we obtain
i･1＝
叉ｾﾞ≒
7〔（4 ’2A卜 ｛－20 ｒl一φ2・OS (30 - dJぺＡ?・・・el〕






［1｀ﾄ2 ｓ1゛（3θ1‘θ2）゛1 A? ｓl°θ1〕|
　ぺｓii｀（3∂1’θ2）〕
(5.3)



















’ 2AIし1’l “ 217:）1’l’ぺl｀2 c°ｓ(39 - 62)
一φ
2 COS (0゛θ2）!










sin (30 - e )゜゛゛AI゛2ｓ1゛（01 ゛ θ2）〕｝
φ
2り小J21’2‘ぐぜy弓引’?ｓi゛（3θ1り2）‘AI’lｓiy（θ1 ゛θ2）〕｝
B5:　When ω ’5ω10’5咄○/3゛we obtain　　　｡.
　i1 °回ぶ≒;T〔（G ‘2Al’｛j20 ’1心φ2・・’（3θ1’θ2）
　-V: ｃ°ｓ（e1゛2ら）“2Alii゛2 c°ｓ（2θ1゛θ2）〕
i2 ’なりj≒が（ら“2A卜2rl - r^)r, -卜?ｃ°ｓ（3θ1702）
























































































(C) A゛t°゛゜゜ｏ゛ｓSyst°ｓ Deri゛ed Ｗｈｅ゛゜ S｡ s nuJ^ (tn, ゛ s positl゛e 1゛tegers)
　　90
(5．8)
　　Performing the integration in Eos. (4.17) yields different types of auton-
omous equations as　follows:
C1:　Whenω’ω10/2 ’％O/3゛ we obtain
*
8n^ k2 - kj･［f1 ’









Ar r sin (2 6^ -V〕
弓Ａ?
11･1
e2 - Vi・1・（2e1 －ら叫









i2 °回ぺ〔（り- 2a2 - 2r2 -↓:｝゛2’AI゛l c°ｓ（θ1-V
ニ　　
’A1｛ｃ°ｓ（201“θ2）〕　.





















































一一耐ぐy可〔(P, - 2A卜　{‘べ}’1.“ AI{・．j3θ1
べ 1r2 COS （θ1゛θ2）‘2AI・1゛2 c°ｓ（2θ1 ’θ2）］
i2












;[A^r ll・(θ1＋り- A r si･i(2∂1－θ2)〕}
C6:　Ｗｈｅｎ（∂゛３ＭＯ’3弓○/7゛｀゛ｅ obtair!，
i1











ｓl゛301 ゛ AI゛2ｓ1 （゛θ1’θ2）］｝
ダφ2叩叫1’2 'がぐy4 AI’1 ’i・(θ1－θ2)〕
C7:　When QJ " 3ω10 °CtJ20/3 w゛e obtain













５。３　Entrained Oscillations in ａ System with internal Resonance ３ｑ‘ぎ咳
　　　　Inthis section we consider　the frequency entrainment which occurs　in ａ
system vlth internal　resonance 3ω10 °哨○゜
　　　　Thesteady-state solut：ions of Eqs. (4.11) and (4.17) and their stability
are　Investigated　in the same manner as we have done　in the preceding chapters.
Hereafter,　゛１０and 9jQ (i ≫ 1, 2) denote the steady-state values of ｒｉ　andθｉ゛
respectively.　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●
● ● 1 S ・
Ｗ
(a) Entrained Oscillations Which Occur When ω!gり1包咄/3
　　　　Let us consider the steady-state solutions of Eqs, (5.1) in. ＼゛hichｌ゛1



















































E11°inating 3θ10 ’θ２０８°ｄθIO f・゜ E゜qs, (5.17) and (5.18),　we obtain.





S°lving Eqs. (5.19) gi゛es the arspli tudes '^lO ８゛d・20° By substituting these
゛alues　Ｉ゛to Eqs. (5.17) and (5.18?・　we °btaln the phase °ngles ０１０and ０２０゛I
　　　From the form of the solution (4,7)゛８゛d the relati°゜ｓω10 ’ CJ （゛ら○’3M’





　　　　Thestability of　the solutions　Is　tested by the behavior of　the small vari-
ations　from the steady-state values.　The variational equations (4.42) are
sought　from Eqs. (5.1).　The stability conditions　for this　steady state are
given by (4.46). The coefficients a°f the ゛゜rlati°゛３１equati°ns (4°42) are
811 ’｝.1°1〔q “ 31110 “ 2゛IO ｀2゛１０１｀２０ｃ°ｓ（3∂IO ’ θ20）］











822 ’門2（ら“2｛ｏ ‘ 3i:ｏ｝
823 ’“ 3824 ’μ゜2ぺｏｓ1 （゛3Sq.’θ2o!
831 ’ ym〔l‘20 ｓl゛（3θIO ’020）＋
























m1 " 8n (kでKy　　?2 ’ 8n^(k^二‾弓y
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Numerical １１２!ｌ!ｌ!旦




μ・０．１ k = 0.5





In Case 1, as mentioned　in Sec‘ 3.2, we found that 3ｑ ’&4Zg provided
n/n　’ 0,403 and n^/n^ ’ 2°484.十　The aroplitudes ｒ10゛ｒ20゛ and　the phase angles
　θ10* "20 ８１ｅcalc゛lated by ゛sing Eqs. (5.17), (5.18),　ａ゛d（5°19）゜　Figures 5°1
and 5．２show the response curves o£　the entrained oscillations when n-/n ’ 2.484‘
The characteristic curve r ０ｆ　theharmonic component　is siniil!ir to that of　the
harmonic entralnment〔see Fig. ４．３〕,but　the third harmonic component ｒ２０also
exists　in this case.　The stability of the solutions is tested by using the con-　　｀
ditions (4.46), Eqs. (4.45), and (5.20).　The unstable portions of the character-
istic curves are shown by broken ｌines.　In Fig°５゛３　theampli tudes ｒ１０and ｒ２０
are　illustrated foｒ゛2/゛1 ’ O.A03 and (O/n ° ○゜394; (cr. ° 0'E!゛ ○)‘　I゛ this case゛
　　　　女　Thecharacteristics of　the self-excited oscillations　for these values
were treated In Chaps. 2 and ３．
　　　．十　It　18to be noted that only the self-excited oscillation with the
frequency u‘121ｓ stably sustained for n^/n ’○‘４０３because f1＜Ｏ and ら＞○
〔see Eqs. (2.8) and Fig. 2.2〕．　０ｎthe other hand≫ the entrained oscillation
which has　the third harmonic component predominantly occurs　for n/n^ ’ 2.484
beca゛se fl >0 a゛d弓!＜Ｏ〔see Fig. 3.2].
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since　the self-excited oscillation having the　third harmonic component predomi-
nantly does not occur　in the self-oscillatory　system, only the higher-harmonic
entrainment between. CO aad 01 occurs.　We see that the amplitude characteristic
ｒ２０ of the　third harmonic component　is　similar to　that shown　in Fig. 4.6a and
that　the amplitude ｒ10　1ｓapproxiinately proportional　to Ｂ’
　　　In Case 2゛ the relation 3ωI - a;, is satisfied provided n./"! ’ 1.0.女　When
ω1ｓ equal tｏω1
゛the ampl i tude characteristics r and r are calculated and
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　心
shown In Fig. 5.4.　We see　that　there are nine different states of　equillbriuin.
two of which (a and e ) are stab!ｅ under certain intervals of Ｂ．　Figure ５．５
shows　the response curves　for Ｂ － 0,02, i.e., the relationships between (J　and
'io≫ｒ20゛elO゛θ20 r゛espectively.
　　　The solutions of the fundamental equations (1.7) are obtained by using an
analog computer・、Typical waveforms of　the entrained oscillation and their har-
tnonic coinp°nents８゛eillustrated １ 1゛r咳。５．ら。　　　　　　　　尚
(b) Entrained Oscillations Which Occur When U)^ 3(U.1ｘω２
　　　The steady-state solutions of Eqs. (5.2) are obtained by solving
［q ’ 1’10 ’ 21r:Ｏ ’ ゛IO゛２０ｃ°ｓ（3elO ’ 020）〕゛IO’ｏ　＼
〔（弓‾2｛ｏ“（ｏ）1720 ‘
1 ぺｏ
ｃ°ｓ（3010 ’ e2o）’1!｀1Bl ｓ1゛ 020］’o
　　　女　By using these values of　the system parameters, we obtain ｋｌ”1゛
k2 °１９ａ゛dF1 ’ら ’2 [see Eqs. (1.13) and (2.8)］, Hence, 1゛ the self-゜scil-
latory system (B = 0), two kinds of periodic oscillations are stably sustained:
one is the harmonic oscillation with the fｒｅqｕｅｎＣｙ％，ａｎｄthe other has the














From the　form of　the solution (4.7) and　the relations (J.^ ’ω/3゛弓○’ω゛Ｗｅ see
that the steady state (1) corresponds to the periodic osci nation with the
frequencyω, I.e.。the harmonic entrainnent.　In the steady state (2), the natu-
ral frequency (xJ.Is entrained by the driving frequency a;,and 0^2 Is entrained by
the frequency 1/3 times the driving frequencyω, Hence the resulting oscilla-
tion is periodic with the frequenciesωand C∂/3．
（1）　Steady state　S '10 ’○゛'20 ÷○¨｀‘I　　｡¨゛　　　　　　　　　　　　　｡十
　　　In the same manner as in the preceding paragraph, the amplitude ｒ２０and














　　　We are particularly　ｉｎｔ：erested　Inthe steady state (2).　In the same man-
















8゛d 5 1ｓ gl゛en by Eqs, (5°23）‘　The ｐｈ‘8se８゛gles θ10 i゛ｄθ2Q are given by
sin d｡。＝Ｊ
2０‾4n1Blｒ2０







　　　The stabllity of the steady-state solutions is tested as be£ore.　The
variational equfitions (4.42) are sought from Eqs. (5.2). Their coefficients
81j 8゛ｅgiven by　　　　　　　　　　　　　　　　　　　　　　　ニ
811 ’戸’1［f1 “ 31’lo ’ 2・:J ‘. 21｀1o゛２ｏ ｃ９ （iθ1o ’ 020）〕








821 ° り』゜2[4ｒ１０７゛20 ゛
{
Ｏ ｃ°ｓ(3θ10｀θ20)]
芦22リ1゛12（jl ‘ 2゛io “ 3゛;ｏ）
823 °戸゛2ぺＯ ｓl゛（3θ10 “
e20）






832り4°1・10 ｓ1゛（3910 “ θ20）　　二
























From Eqs. (5.26), we see that one of the characteristic root:Ｓλfor the steady
state (1) is zero, beca゛se 813 ’ ○（1°1””　4）゛　Therefoi:･e, the stability
conditions are given by (4.48).　For the steady state (2), the stability･ Condi-
tions are given by (4.A6).
!!Ｅ旦Σ!£旦!.Examples
　　　Let us consider the cases in which the parameters of Eqs, (1.24) take the
same values　as　in the preceding section.　１．ｅ・９
Case　１， F
’ ○゜１　　ｋ ’
Ｏ’５　　(n /n )^5 =.0.5




The response characteristics calculated by using Eqs. (5.23) to (5.25) are
illustrated　in Figs.　5.7, 5.8, 5.9, and 5.10.　In these　ｆigures. the thick
lines show the oscillation with the subhaxtnonic component.　The characteristics
of　the harmonic entrainment are shown by　fine -1ittes.　The unstable portions
o£　thecharacteristic curves are shown by broken lines.　We see that both the
steady states (1) and (2) of Eqs. (5.22) arc stable sustained.t The hysteresis
between these two steady states　is observed as the amplitude Ｂ of　the driving
frequency varies (Fig.　5.7).　Typical waveforms of　the entrained oscillations




(c) Combination Oscillations without External Resonance
　　　V)etreat　the case where the　internal　resonance 3ω１０’（Ｊ２０exists but any
kind of external　resonance does not occur.
　　　゛　As mentioned　in Sec. ３°2,the relations 3CJ,’ω２　isalso satisfied when
the value of n^/tij is decreased to 0.403　１ｎCase 1.　In this case≫ however, the
entrained oscillation with the subharmonlc component does not occur because
Pl< 0 １ｎEqs. (5.24). The charac teri s11c of the harmonic entrainmcnt is iden-
tical with that which Is obtained when ｎ０internal resonance occurs (sec Sec.
4.3.1).
　　　十　It depends on the initial condition as regards which kind of oscilla-
tions occurs.
The steady-state solutions of Eqs. (5.8) are obtained by solving
〔q’2AI’｛Ｏ “ 2゛:Ｏ ’・101’２０COS (3θ10 “θ20）〕1710 ° Ｏ
















From the form of the solution (4.16), we see that the steady-state solution is
ｐｅ・1°dieof freq゛ency ａ‘)in (1). I゛(2r), sinceり20 ’ω2゛there exists ａ combi-
nation oscillation with two freq゛ｅ゛ciesωand C∂2゛　Thesetwo cases are　identical
with the first and the third cases of Eqs. (4.54). In the steady state (3)≫ the
solution　is ａ combination･oscillation having　three frequency components Ct>,･り10゛
anda;2Q (゜3り10）゜S1゛ce (J and ^10 （゜弓Ｏ/3）８゛ｅgenerally l゛ｃ°ttmsns゛rable≫
this solution is almost periodic。
　　　E11°inating 3θ10 ’θ20 1゛ Eqs. (5.27) as ｂｅｆ°゛ｅyields
where












S°1゛ing Ｅqｓ°（5°29) slT°ultane°U3ly 81゛es　the ８°plltudes ｌ’１０８゛4 1’20°‘Ｔｈｅ゛゛
































　　　　Thestability of the steady states (5.28) is studied by solving the varla-
tional　equations derived from Eqs. (5.8).　　Sincethe first and the second cases
of Ｅqｓ・(5.28) are Identical with the first and the third cases of Eqs. (4.54),
the stability conditions are also given by (4.56) and (4,58), respectively.
For the third case of Eqs. (5.28), the coefficient:ｓo£ the variational equations
(4.42) are given by
　　811リJ°1［q“2AI’3｛Ｏ ’ 21゛:Ｏ’ 2゛10゛｀２０ｃ°ｓ（3θ10 ’θ20）〕











822リJ°2（尽’2AI ’ 2｛Ｏ ’ 3・:ｏ｝　　、
823 ’‾3824リJi2ぺＯ ｓ1゛（3θ10’θ20）/
831 ’ﾉj°11’20 sin (30 - V　　　　　　/
832 Wio ｓ1゛（3θ10 ’ θ20）








８４２ ’ rMtn -y-
　　　　　　　　ｒ2０




j　　８４３ ’“ 3844 ’リJi°ho c°ｓ（3θlo“ θ2o）
since ８１４” 0^3/3 (i = 1,.., 4) in Eq3. (5°33) the characteristic equation
Is reduced to　the same form as Eq. (A.47) and the stability conditions are given.
by (4.48).
Numerica!耳lχampl!　　　　　　　　　　　　　　　　　　　　　　　｀
　　We consider the case　inwhich
が゜○゛2　　k ° ○゜8　　（゛2/n1）2δ’○‘5　　゛2/゛1 ° 1°○
1０5
and we assume that Cj/n ’Ｏ.４.　1he ampl i tudes ｒ１０ａｎｄｒ20 of the combination ・
oscillations are calculated by using Eqs. (5.28) and (5.29), and are plotted
in Fig. 5.12.　The ｆine and the thick ｌines show the combination oscillations
corresponding to (2) and (3) of Eqs. (5.27), respectively.　Two kinds｡of almost
periodic oscillations are stably sustained.
(d) Entrained Oscillations Which Occur Whenωｇ&4./3包S/9　　　　｀
　　　The ste!sdy-state solutions of Eq8. (5.3)'are obtained by equating i1 ’θi
=･0 (i°1, 2)゜E1 iminati゛８θＩ０as before leads to
・




















S°lving Eqs. (5.34) gives　the ａ°plitudes l’１０８゛ｄｒ20’　Then,　the phase angles
　θ１０and 9 are given by
sﾌﾞθloT’７?こ（ｙ:ｏ゛SOir:ｏ）
c°ｓ'θ10’心[(P. - 2aI '
{ｏ

























The periodic solut:ion corresponds t:ｏt:heoscillation with three frequencies ω，
3a‘)(゜ω10)゛３゛d9ω(゜叫○)‘　　　　　　　　　　　　　　　　　　　　　‥
　　　The stability of　the steady‘state solutions　is　testedas before.
(e) Entr･81゛ed Oscillati°゛ｓ Which Occur･ Whenωg2(tjl ‘゛ 2al/3
　　　By ｅq゛８t1゛gi'1 ° el ° 0 1゛ Eqs. (5°4)9 ？ ゜btain t＼゛゜types °f the steady
（1）　・10 ’ ○゛　1;20 ° ○
　　　　　　　　　　　　（2）　1710÷０９　１;20キＯ
In the first case, the solution (4.16) is periodic of the frequency W,　Hence
the harmonic entraininent occurs. In the second case. the solution (4.16) is
perl°die°f the freq゛enciesω9ω/2（゜ωio>' 8゛d3ay2 (- a;2o).
　　　　Inthe same manner as before, the amplitudes ｒ１０and ｒ２０are obtained by
solving
[(q -K －{ｏご2・:ｏ}・IOニ(f1 －2A卜吋ｏ －・:ｏ)・:ｏ〕2
4‘i(ｏｉｌ｀1o- 0-2^20) " 9 ゛lo゛20
[( R - 2A卜{ｏ－2(ｏ){ｏ－3(fl－2AI－2{ｏ－(ｏ){o}2
゛1（Oiｒ:ｏ ゛ 301ｒ:ｏ）2 ° 4A?ｒ70ｒ:Ｏ
8゛1（k2 ’ k1）り11　8゛1（k2 ’ k1）
一一
唇
8゛1(k1 “ k2)弓1　8゛1(k1 ' k2)
一一
胞















　　　The stability of　the steady state｡り）1ｓ ,tested as before.　The coeffi-
cients of　the variatlonal　equations are as　follows:　　　　　・
811 ’岬1［f1 － 2AI ’ 31:IO ’ 21r:ｏ ’ 2110゛２０ ｃ°ｓ（3 010 ｀θ20）］
812 °プノJ°1［4゛10゛20 ゛｛Ｏ ｃ°ｓ（3θ10 ‘ らｏ）゛'^l ｃ°ｓ（θ10 ゛ θ20）〕
813勺j゛11〔3
｛










Ｃ°Ｓ（3θIO “ θ20）゛ＡＩ Ｃ°S
I（θ10
゛ θ20）〕
a22 = un.2(/^ - Zhl “ 2｛ｏ’34｝）




















二丿゜1〔3゛１０７２０ｃ°ｓ（3θio - V゛宍kr ｃ°ｓ（θlo
ｔ θ2o）〕













843 ’岬2〔“謡ｃｏｓ（3θ10 “ θ20）゛!とr ｃ°ｓ（θ10 ゛θ20）j








I゛ this sectl°゛ (e) V゛eare deal 1゛8 the case CJ = 2り10’1ω2Q. Theref°re we
obtainω－1（叫Ｏ｀‘｀ω20）‘　Under this condition the stability of the steady
state　（1）〔ｌ｀10’ 09 -ｌ゛20’ ○〕is discussed　in the same manner as　in Sec≫ 4.3.5
and the stability conditions are given by （4．91）．
!!竺旦亙包旦!.|!12!ample




　　　　　　ia= 0.2　　　k ’･○‘8　　（i゛2/゛1）25’ ○゜5　　゛2/゛1 ° 1゛○
and (jj゜1°491゛1；（（r1’（1ﾐ2°0). The result is plotted In Ｆｉｇ°5.13.　The stabll-
ity of、the steady・states　is discussed as before.　The dotted portions of the
characteristic curves represent the unstable states.　＼Je ｓｅｅ。1n the ･figures、
that two kinds of entrained oscillations （ａ and c) exist. It depends on the
Initial condition as regards which kind of oscillations occurs.　　　　j
(f) Entrained Oscillations Which Occur Whenωg 5(^ ^ 5aL/3
The steady-state solutions of Eqs, (5.5) are obtained by solving
(P. - 2Aj ‘ ゛乱’21‘:IO）1riO “ ゛乱'20 COS （3θ10 ’∂20）
　“A1
｛
O d°ｓ（θ10 ゛ 2e20）゛2A1゛｀IO゛20 C°ｓ｀（2θ10゛ θ20）゜Ｏ
（弓“2AI
’ 2ｒlO ’・:O' 20 3 10 ｃ°ｓ（3θ10 ‘
e20）

















　“｀２Ａｇ１０゛20 ｓl゛（θ10“2θ20）’A11710 ｓl゛ （2θ10 ゛ θ20）〕゛6





The first case is the harmonic entrainmcnt which is already discussed in (c)
１１０
and (d) of　this section.　The second case corresponds to the periodic oscllla-
tlon with　three freq゛encies CJ ９ω/5（゜り10）゛８゛d 3岬5（’吻○）゜I゛ this case゛
however, we cannot eliminate the phase ８゛gles θ１０８゛d θ20 fi°゜ Eqs. (5.40)り.
because of　the existence of　three freque゛cy comp°nents 3θ10 ’920ｓ 010 “ 2θ20s
ａ゛d ?e10十θ20゛　S°lving Eqｓ‘（5°40) si°゛ltane°゛sly gives ｒ10゛゛20゛θ10゛８゛d
e
20゛
This procedure of solution. howe▽ｅｒ゛ 1ｓ not simple in practice. It is
convenient　to　introduce the rectangular Ｃ°-ordinates ８１９ｂｌ（1°1, 2) i゛stead
of　the polar co-ordinates r., 0.　0f Eqs. (4°6), I.e.゛
　　　　　　　　　　　　　　x(t)゜a (t)‘ｃ°s cJ t ゛ b (t) sinω1t
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　(5.42)
　　　　　　ト　　　　　y(t) = a2(t) c°sa;2t + b2(t) si゛ C゛ﾉ2ｔ　　　　　　　　　　　上
By comparing Eqs. (5.42) with Eqs. (A.6), we obtain
a^(t) ’ rj(t) c°S 0
a2(t) = r (t) c°ｓe




Using Eqs, (5.5) and (5.43), we obtain the averaged equations with respect to
al and ｂ1 (1　－　1, 2), I.e.,
^1 ■"8nj(kと!CTt<Pi ’ 2AI “ 1’l心2゛:）81 ’（4 ゛bl）82 “ 2a,b^b2
’2A1（8182 ’ b b ) - A (a:爽b:）］＋がら.1ｂ1
i'1ﾄﾞ呵
ljき























Equating ii °i’i= 0 (i = 1, 2) in Eqs. (5.44) and s?lving them give3　the




　　　Since the first case of Eqs. (5.41) is identical with that of Eqs. (4.54),
the stability conditions are also given by (4.56).　The stability of the second
case is tested by deriving the varlatlonal equations from Eqs. (5.44) and by
making use of　the Routh-Hurwltz criterion.　The conditions are given by the
same form as (4.A6), vhere the coe££iclents
as　follows:




811）ﾉJ°l（a ’ 2AI ’ 3a?o 爽blo ’ 21｀:ｏ“ 2ｓl♂20 “ 2b10b20 ‘ 2A1820）
812 ° 2y』“11（’810b10＋ｂｌＯ８２０‘ ^10^20 十Ａｌｂ２０）゛1‘4aﾉ11
813リJ゛11（’４８１０８２０“ ８１０゛ｂｌＯ ’ 2A1810 ゛ 2A1820）
814 ° ?゜1（“810b10 ‘ 2810b20 ゛ Wo 十Ａｌｂ２０）
821 ’ や゛11（“810b10 ’８１０ｂ２０＋ｂ１０８２０゛Ａｌｂ２０）‘戸叫1
822 °Jjm (R ’ 2AI ’８１０ご2
2
゛ ２８１０８２０゛ ^''lo^ao + 2A a )
823 ° や゜1（８１０ｂ１０゛ 2^0^20 ＋Ａｌｂ１０｀Alb20）
８２４’ヂ゜1（’８１０Ｔ４ｂｌｏｂ２ｏ゛ ｂｌｏ゛ 2A1810 ’ 2A1820）　　　　＼
i｀311 ’7J°2（ｙ８１０＋ｂｉｏ二４８１０８２０ ’ 2AlalO “ 2A1820）
832乙μ“12（’２８１０ｂ１０ ’ 4b10820 ゛ '＼ho “ 2Alb20）
833リJ°2（弓’2A
I
‘ 2｛Ｏ ゛ 38:ｏ ’
ｂ:ｏ
“ 2A1810｝
834 ° “ や゜2（820b20十Ａｌｂ１０）十y叫1







844ゾ2嘔゛2AI“司ｏ ゛８:ｏ ’ 3b:ｏ ゛ 2A1810）
where
　　　　　　　　　ωlk2　　　　　　　　　　　（∂:k1




　Ａ numerical analysis of the response characteristic for the entrained
oscillation　Is carried out by using the same parameters of　the system as before.
I.e.,
　　　　JI °Ｏ°2　　/ k ° 018　　62/゛1）25 ° ○゜5　　゛2/゛1 ’ 1.0
ａ゛d｀゛ｅassume that ω’5叫’5弓/3 ° 3°727゛1（（J｀i’（71’○）゛Ｔｈｅresp°゛se char-
acteristics calculated by using Eqs. (5.44) are illustrated in Fig. 5.14.　We
see that there are two stable steady states and 曲ａｔthe hysteresis occurs as
Ｂ varies.　十
　　・　Thetheoretical results　thus obtained are compared with the solut：ions
obtained by using an analog cotnput：er.　Somerepresentat ive waveforms u(t) and
v(t) are shown in Fig. 5.15a. By using Eqs. (1.20) the waveforms of x(t) and




We see that the waveforms of χ and ｙ are nearly sinusoidal.　This fact shows
that the assumption of　the solution (4.6) is permissive.　The amplitude charac-
teristics (r.-, t^ ) obtained　from the waveforms of ｘ and y are shown in Ｆ１８・
5.16.　These characteristics agree well with the　theoretical　results of Fig.
5.14.　The result concerning the hysteresis mentioned above Is also confIrmed
by an analog cotnputer analysis (see･ Figs. 5.1A and 5.16).
(g) Entrained Oscillations Which Occur When (0^ 7cO^ 701/3










The first case Is ａ harmonic oscillation and its stability conditions are also
identical with (4.56).　In the second ･case.･the solution １Ｓａ periodic oscilla-　　　・
ｔl°ｎwith freq゛encies ωμ∂/7（’ω10）9 a゛d 3呼7（゜弓○）゛Ｔｈｅａ°plitudes ｒ1０
and ｒ2０ are obtained by solving





















8゛1（k1’ k2）咄1　8゛1（kl “ k2）　　　3
¬7Σ‾‾‾‾゛‾TTT7iT‾s（叱’７り）
凧 戸χ







c°ｓ（θ10゛ .2θ20）’“→［（4’2AI゛｛Ｏ “ 2゛:○｝゛lo
　　　　　　　　　　　SAi'^io'zo
　　　　　　　　エ　ー3･（f1－2人卜司ｏ－（ｏ）｛ｏ｝
The stability of　the steady-state solutions　is　testedas before.




　　　We consider the same values of paranieters as　In the preceding ｓｅＣヒions.
i.e..
　　　　　ﾉ‘４’○‘２　　　ｋ°Ｏ°８　　（゛２／゛１）２５°○゛５　十　゛2/゛1’ 1’○
and we assume that a;= 7り1 ° 7吟/3 ゛ 5.218゛1（1°ｅ‘（Ji°（Ji ’ 0). The ampllt゛de
characteristics　（゛109　1:｀20 ゛ｓB) calc゛lated by ゛sing Eqs. (5.47) are Illustrated
in Fig. 5.17.
くh) Entrained Oscillations Which Occur WherいJ゛’9叫ぎ3弓
　　　Eq゛８ｔ1゛g i1 ’ θ1°0 (i =･ 1, 2) in Eqs”（5‘7) yields　three types of　steady






The first and the second cases of Eqs. (5.49) show the hannonic and subharoionic











By comparing Eqs. (5.50) with Eqs. (4.71), we see that they are equivalent.
Therefore,　the stability conditions for the first and the second cases of Eqs.
(5.49) are analogous to　those of (4.75) and (4.76)。
　　　The steady state (3) of Eqs. (5.49) is ａ periodic solution with three
frequenciesω゛叫/3（゜叫○）゛and (t)/9 (゜弓○）゜The ８°plitudes ｒ１０８゛d l‘２０are
obtained by solving
where





jﾄﾞﾌﾟ- (OJ. - (0/9) : detﾆuni゛g
(5.51)
The phase angles　910 and　θ２０ are given by
　　　　　　　　　　　　ｓ1゛（3θ10 ‘
θ20）゜‘（J111’10゛2０
c°ｓ（3^10 “ 020） 1ﾋ;（4 2 2∠27:ｏ｝
sl゛3θ20”士（1（rll｀IO (゛r24>
^1^20




The stabll ity　is　tested as before.
!池!旦三!里1取ample
　　Let us consider the case where




and we assume that Ｑ －9ω1’3ω2 ゛ 6°708゛1（1．ｅ｀a｀’1’（y｀2’○）‘　The ａ°P1 1 t゛de
characteristics　（゛109 1720 ゛ｓ B) calculated by using Eqs. (5.51) are Illustrated
ｉ゛ Fig. 5°i8’ Ｆ°r cc
1゛paris°゛lｓ sake, the ８°lplit゛de ｌ゛20 °f the １/3 ゛ h81‘monic
oscillation is calculated by using Eos. (5.50) and shown in the figure by the
fine lines.　”　　　　　　　　　　’　　　　　　　　　　‘
（!）　Regions of Frequency Entrainment
　　　　Fromthe results obtained　in this　section, 5.3, the regions of　frequency
entraimnent are produced on the BO)plane.　Figure 5.19 shov;s　the case in which
the system parameters are　the same as before.　１．ｅ・９　　　　　　　　・
μ’ｏ°2　　　k °Ｏ’8　　（゛2/y｀1）26 ，○‘5　　゛2/゛1 ’ l’○
One sees that the harmonic entrairunent occurs at any driving frequencyω
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provided that　the amplitude Ｂ of　the external　force　Is　sufficiently　large.　The
continuity of　the boundary curve of　the harmonic entralnment　is　disturbed by
the　intrusion of　the region of　the frequency entrainment which occurs when
ω－2ω1＝2吟/3．
　　　　The　frequency ｅｎt:raininent also occurs within ａ narrow 】range of　the driving
frequencyω, whenり1ｓ　in the neighborhood of 1/3, 2, 5, 7, or g times the nat-
゛ral £req゛ｅ゛Ｃｙ（J1（’吻/3）‘　As °entioned ｂｅｆ°゛ｅ９゛゜゛゛ｅthan. t｀゛ｏtypes °f the










































゛　Ｎ°te= "lO ｉｓ the frequency of the　self-excited oscillation..
１１８
entrained oscillations may occur　in these regions.　The details of　the regions
for each entrained oscillation are not shown　in the figure.　By making use of
the results　in this　section, the type3 of　the　internal　and external　resonances.
and the frequency components of　the entrained oscillations　in the steady　state
are summarized　In Table 5.1.　The steady state (4) in the Table corresponds　to
the entrained oscillation by the existence of　the　internal　resonance.




　　　　Inthis　section we consider forced oscillations　in ａ system whose two
natural frequencies have ａ relationship ｍｙ１・no;, where ｍ and ｎ are positive
integers (s s n/m =f1 or 3).*　When the driving frequency ω１ｓchosen as list-
ed　inTable 4,3, more　than two types of　the external resonance occurs in this
･system (see Sec. 4.3).　Each natural　f-requency４ｓentrained by　the frequency
which　is an　integral multiple or submultiple of　the driving frequency.　Hence
the resulting oscillation　is periodic with three　frequency components.　We
discuss　the steady-state solutions　and　theirstability by　the same procedure
as　in the preceding section.
(a) Entrained Oscillations Which Occur When (a)≪り1/2 9 弓/3
　　　By ｅq゛ating fj = 0 = 0 (i°1゛2）1゛ Eqs. (5.9). V゛ｅｓｅ°that there 8゛ｅ
two types of　the steady states, i.e..
　　　　　　　十　　　･.（1）’゛゛10’０９　１:｀20十○
　　女　The internal resonance does not occur in this system i£ the external






The　first case corresponds　to　the subharmonic　entrainment which was　discussed
in Sec.　4.3.4.　In the second case, the　solution (4.16) is　periodic of　the
frequenciesり．２ω(゜ω１０)９ ８゛ｄ3CJ(= CJ )゜　In the same manner as in.the pre-
ceding section, the amplitudes　ｒ１０
where
and ｒ２０are obtained by　solving

























c°ｓθ20 ゛犬C2(g‘2Å卜司０ ”:０）’:０‘（q ’2AI ’｛０ ’2’:０｝｛０1
sl゛（.2θ10’∂20）｀iぺLちＯ
ｃ°ｓ（2θ10“　ｅ２０）’1寸弓j（弓゜2.AI ゛ 2 2
5yt:4b111 ty J当堕多tigation　　　　　　　　　／
　　　　　Thestability of　the steady-state solutions　Is　tested　in the same manner




811’戸1［q’2AI’3べＯ “ 21゛:ｏ’ 2A11720 COS （2θ10 “ θ20）］
ａ１２ ゜- 2P°1〔2゛10゛20 ゛ Ａ１７１０ COS （2θ10 “
θ20）〕
８１３ ’ 印゜1A1゛IO゛20 ｓi゛ （2θ10 ’
θ20）
814 ゛ ‾りJ°1A1゛101720 ｓ1゛ （2θ10 ’
θ20）
821 ’“ りJ°2〔21:IO゛20 ゛ AI゛ＩＯｃ°ｓ（2θIO爽θ20）］





A? ｓ1゛ぴ20 ’ A1｛Ｏ ｓ1゛（2θIO “ θ20）〕
a31 ’○





























Using these values of the coefficients, we obtain the stability conditions
(4.46).
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（b）　Enti:al゛ed Oscillations Which Occur When COｇ％./3g（^.）2/5
　　　　　　　　　　　　　　　　　　●Byequating i’1° e1 ’Ｏ（1°1゛2) i゛Eqs, (5.10), we obtain only one
steady state where ｒ10 ＋Ｏ゛ｒ20＋○゛，ln this case the solutioa (4,16) is peri-
゜die °f the frequencies CJ, 3ω（’ω10）98゛d5ω（’妬ｏ）．　Wecannot eliminate
　　　　　　　　　　　　　　　　　　　　　　.　　　　　　　　　　　　●θ１０and θ20 from the equations i゛1゛ Ｏ and θ1゛○‘　Introduc ing new variables















[(弓‾2A: T 2{ 'ｌ':}b2 -Ah. “ 2A^a^b -0-2S〕








By ｅq゛８tl゛ga1 °≒゜０（1°1, 2) i゛Ｅqｓ°(5.57) and solving　them we obtain
the amplitudes ^iO and ｂｌＯ°　The stability of　this　steady-state solution is
tested as before.
(c) Entrained Oscillations Which Occur WhenωS" 3cJ ^ 34/2
　＼　By ｅq゛ating 11 ° e1 ’ 0 1゛ Eqｓ‘（5°11), we find that there are three types
of steady states.」．ｅ・ ．
　　　　　　　　　　　　（1）　1710 ° ○゛’1720 °○
　＼　　　　　　　　　I　　（2）　゛10キ09　，１‘20°Ｏ　　　　　　　　　　十　　　　　(5.58)
　　　　　　　　　　　　（.3）　1710÷０９　１゛20十〇
In case (1) the harmonic entralnment occurs. while In case (2) the subharmonic
entrainment results. They were discussed　1n la） and (2) of Eqs. (A.70).　In
case　(3), the solution (4.16) is periodic o£　three frequenciesω9ω/3（’ω10）゛
８゛d 2呼3（゜り20）゛The ampl 1 t゛des ゛１０ａ゛d l｀20°f the ｓ°1゛ｔ1°n(4≫16) are obtain-
ed by solving　　　　　　　　　　　　　　　　　　　　　　　　　/
where
(P2 - 2A卜吋ｏ－4))2 ’ -I ＝ 4Aﾄ10　　　　1･
〔2(R - 2A卜{。－2(。){。一司－2A卜司。－　(。)砥12




8n (k “ k1）
反ら岫）
0-2 7 竺凸ﾐｹﾞ血ご≒とぞ公(七知















　　　　Thestability of　the steady-state solution is　tested as before.　The coef-
flclents of　the variational　equations are
811 ’岬1（弓‘2A: “ 310 ”21｀1（j’“2Ai゛１０ｃｏｓ3θ10）
812 ’“ 2岬1［2゛101゛20 ゛ A11720 c°ｓ（θ10心２らｏ）〕
813≒yJ°1〔3A1｛Ｏｓin3910 ゛ A1｛Ｏ ｓl （゛e10‾2 e20）］　　∧
814 ’“ やii11A1｛Ｏｓ1゛（θ10“ 2920）
821 ’｀2戸2〔2・ｌＯＩ’20゛ ^1^20 ｃ°ｓ（θ10゛2θ20）〕
822 ’戸2［e,-2Ai ’ 2｛Ｏ“3｛Ｏ “ 2A11710 COS （θ10“2らＯ）］
823 ’ や゜２Ａ１１１０１２０ｓ1 （゛θ10“2ら○）
824 ’ ゛や゜2A1゛10゛20 ｓl （゛010 “ 2らＯ）
















841 ” ぴ2Al ｓ1 （゛elo ’ 2020）
a42 ° ○
８４３゛“即112A11710 c･゜ｓ（θ10 ゛ 2e20）
a４4
m1 °





-一一8゛1(k2 ' k1)゛　　゜2 ~ 8n (k - k )
.!生n旦:E!竺!Example ●･．卜 ・ ● Ｗ
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　　　Let us consider the case in which
　　　　　　　　μ=0.2　　　k ’Ｏ゛6　　(n /nj)2(5 °○゛5　　　　　　　　　　　　ヽ
We find that 2(J =･u)^ provided n/n ° 1.0. We assume thatω－･3ω1＝・3W/2
°2.372゛1（1°e. cr. ’ Oi’○）゛Ｔｈｅrespo゛se characteristics calculated by using
Eqs. (5.59) are shown　in Fig.　5.9 (thick lines).　The characteristic of　1/3-
harmonic entraimnent is also shown in the figure (fine lines).　We see that
two kinds of entrained oscillations･are stable (a and ｆ）．　Itdepends on the
initial condition as regards which kind of the oscillations occurs.
（d）　Entrained Oscillations Which Occur　vnienωｇ゛1/3 ゛ω2/7
　　　　　　　　　　　　　　　　　●Byｅq゛ating il ’∂1°Ｏ（1°1, 2) in Eqｓ‘（5‘12), we obtain only one
steady state V゛here７１０φ○゛l’204’○゜　Theref°re.　the ｓ°1゛tion (4.16) Is ａ peri-
odic °scillatlon v゛ith t:hree freq゛enciesω93ω（’ω10）゛８゛d 7ω（’弓○）‘　The
amplitudes　'^lO
〔(い
















































The stability of　the steady-state solutions　is tested as before*
(e) Entrained Oscillations Which Occur When OJ sf3ω193（112/5
　　　By equating r°61°Ｏ（1 =>1, 2) in Eqa‘(5.13), we obtaia two types of





Ｔｈｅ‘first case　is　the harmonic　entrainmenl：. Since 6J = 3a; =･ 3^20/5・we obtain
ω゜（（゛JIO＋ω20）！２．　Therefore, the stability conditions of this entrained oscil-
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●lation is identical with (4.91). In the second case the solut:ion (4.16) is
peri°die °f the freque゛cies (Oj aj/3 (=ω10）9 8゛d 5ω/3（’弓○）’I゛ ゜1:■dert°
゜btain the amplit゛des '^lO ８゛d 1720 °f the ｓ°lutl°゛（４‘16),　itis convenient to
introduce the rectangular co-ordinates by the same procedure as used ･１ｎSec.
5.3(f).　We obtain tha　following autonomous　equations:
ilりim〔9
o 9
81“ AI（81 ’ bl）心Ａ7８2
’2A1（8182 ’ blb2）十〇‘1b1〕
i'1°岬1〔(a





s 2゛1 ’ 1’:）82 ’ A181 ‘ A1（81 “ bl）゛（y2b2）
i）2リ』゜2〔（尽’2AI
















By ｅq゛８t1゛g&1°ら= 0 (i = 1, 2) in ＥqＳ°(5,65) and solving them, we obtain
the amplitudes　ａｌｏand ｂｌＯ’
　　　　Thestability of　this　steady‘state solution Is　tested as before.
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（f）　Entrained Oscillations Which Occur When. C･J゛3ω1“ｊ吻/7
　　　　　　　　　　－　　　　　　●By equating r. ’01 ’
-O　i゛




The　first case　Is the harmonic entraltcnent. Sinceω＝3ω10°3哺ｏ/7・we obtain.
ω゜（（IJ20“ω10）/2゛Ｔｈｅ stability ｃ°nditi°ns of this entrained oscillatioa are
ｇｌ゛ｅ b゛y (4.91) whereω11 ゛゛st be replaced by ‘ω11゛I゛the second case the ，
ｓ°1゛tio゛(4.16) is periodic °f the frequenciesω9ω/3（゜ω10）9 8゛d 7叫3（゜吻Ｏ）゛
The ampl itudes ｒ１０and ｒ２０are obtained by solving the following equations:
where
[(嗚－2AI － 2・IO －・:０)2’(巾心＝亭IO
























　　　The stability of　this　steady-state solution is　tested as before.
(g) Entrained Oscillations Which Occur Whenωｓ3叫ざ％/3
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(5.68)
　　　By ｅ（i゛８tl゛8i’1’θi. ’ 0 1゛ Eqs. (5°13) I゛e see that there a・ｅ t｀゛otypes °f
the steady　states.
(１)　ｒ１０ ° ○゛　゛'２０ + 0
(5.69)
　　　　　　　　　　　　　　（２）　１’Ｉ０４０９　１’２０-４･Ｏ
　In the first case, the solution く4.16) is periodic of the frequencies OJ and 3ω
　（’ω20）‘　Thehigher-harmonic entrainment of　this type vas discussed　in Sec.
･ 4.4(b).　In the second case. the solution (4;16) is periodic o£ the frequencies




























（jl ゛ 2AI “ 2｛ｏ“ ゛:Ｏ｝
　　　Ａ1
The stability of　the steady-state solutions　is tested as before.
（ｈ）　EntrainedOscillations And Their Frequency Components　　　　　　　　　..
/　　　Byusing the results　in this sectionタ　therelationships between the　types
of　the　internal　andexternal　resonances, and　the frequency components contained
in the steady-state solutions are summarized　in Table 5.2.　The steady state（４）．
i.e., r十O, r2Q + 0, in the table corresponds to the entrained oscillations
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　－　　　　●
by the existence of　the　Internal　resonance sW,-.°ωUo(s+1. ３）゛
５。５　Concluding Remarks
　　　　The　internal　resonance　inａ self-oscillatory system with ａ　forcing　term
is　investigated by making use of　the averaging method.　When the ratio between
the two natural frequencies is in the neighborhood of ａ simple integer Cdiffer-･
ent from unity) or ａ fraction, both the two natural frequenc!es are entrained
by　the　frequencies which are　integral multiples or submultiples of　the driving
frequency.　The entrained oscillations are characterized by their wavefoinns
which contain higher-harmonic or subharmonic components besides the harmonic
component.　The amplitude and phase characteristics of some representative
cases　are shoim.
１３０
Table ５．２　The　frequency components contained　in the steady-state solutions
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harmo゛ic analysis.[μ= 0.2, k ゛ Ｏ‘８９(゛２／゛１)２ぷ=0.5,








Fig.　5.7.　Response curves with varying Ｂ（（り゜30;,=ω2）
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harmonic analysis 『j』゛O°29 k ° 0.8, （’りかｉ）２δ゛ｏ｀５







Fig. ５．１２．　Response curves with varying Ｂ (without
　　　　　　external　resonance).
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Fig. 5.18.　Response curves with varying Ｂ（り包9&J1 1ざ3鮑）．
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Fig. 5.20.　Response curves with varying Ｂ（４ﾉg3叫ぎ3咳/2）.
　　　　　　　　　　　　CHAPTER６
INTERNAL RESONANCE UNDER･ SMALL COUPLING
　　　　　　BETWEENTWO RESONANT ciRcur
６。１　Introduction
　　　　　Thephenomenon of　internal　resonance　in ａ self-osci1latory system was　lnves‘　ト
tigated　in Chapter ３．　If the　two natural　frequencies of　the syst：emare suffi-
　　　　　　　　　　　　　　　　　　■　　　　　　　Ｉ　　　　　　　　・　　　　　心ciently close each other.　the entrainnient between. these frequencies occurs owing
to　the nonl inearity of　the system・ The resulting oscillation Is periodic one
having ａ　single harmonic ｃｏてnponent.　Thisphenomenon occurs when the two reso-
nant circuits whose resonant frequencies are close each other are coupled weakly.
In the present chapter we discuss　the behavior of such ａ self-oscillatory syst：etn
under　the　influence of an external　sinusoidal　force.　The frequency of ａ self-
excited oscillation　is entrained by ｔ!leharmonic, higher-harmonic, and subhar-　　　　，
tnonic　frequencies of　the external　force.　The amplitude and the phase charac-
teristics of the entrained oscillations are derived by using the averaging method。
The stability conditions are given by making use of　the Routh-Hurwitz criterion.
6。２　Derivation of Autonomous　Systems by Using the Averaging Method　＼
　　　　If゛1‘ｇ゛2゛Ｚｌｇ Ｏ゛ａ゛dχ2 ゛ 0 1゛ Eqs. (1.7)゛then the　two natural frequen-
cies CO. andWj are sufficiently close each other.　In this case≫ as mentioned　In
Chap,　1, derivation of the standard form of Eqs. (1^21) and (1.25) ceases to be
meaningful ．　Therefore, we consider the　fundament：al equQtlona (1.7)> i.e..







Let the frequency of the self-excited oscillation.ｂｅ％ which is in the neighbor-
＼　hood of bothω1 ａｎｄω２゛　Asmentioned　in Sec. 4.2, we consider　the　four cases
8ｃｃ°rdingt°the relati°nship betv゛ｅｅ゛ω８゛?oJq (see Table ･４°４）‘
（ａ）　Derivationof　theAutonomous System When ＆）ぎ％　　　　　　　　　　　　:
　　　　Ifthe driving frequency（J is in the neighborhood ofCJ ve may expect that
ω0 1ｓentrained byω‘ Then the solution o£Eqs.　(6.1) is vri tten as
u(t) = r (t) c°s kOt ゛ eｕ(ｔ)〕
゛(t) = ｉ゛ｖ(t)、ｃ°ｓ回ｔ゛eｖ(t)]






We assxime　that. for small values of U, b°th the atnplltudes lrｕ(ｔ)．1rｖ(ｔ)９８゛dthe
phase angles 9 (t), 0^(t) are ｓ1°｀゛1ｙ゛ arying functions of　t． Substituting Eqs≫









・v≫ eｕ゛ eｖ゛ ｔ） sin (cJt ゛ θｕ）























‘り:゛:’（1’Z1も）♂］’､、・・s (lOt + 6。）－1戸:}^n^r^ sin (3Wt -t‘3ｔ）
’Z2ぺＢ ｃ°ｓωt｝
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（ｂ）　Autonomous System Derived When No External　Resonance Occurs
　　　　when the difference between the frequency COq o£ the self-excited oscilla-
tion and the driving frequencyω１ｓ large enough. the resulting osclllatioa may
approximately be considered as ａ combination of　two simple harmonic oscillations.
one ＼゛1th(J ,　the other with
a). Then the solution of Eqs.　(6.1) is written　in
　　　　　　　　　　　　　　　●　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　●
the same form as Eqs, (4.16), i.e..
where
゛（ｔ）’゛｀ｕ (t) COS[(ljoｔ ゛ eｕ(ｔ)]゛Ａｌ ｃ°ｓωｔ
゛(t) - r (t) cos C叫〕゛゛0^(t)]゛Ａ２ Ｃ°ｓ‘dt
u(t)--Ｕ)，r (t) Sin [％ｔ゛9(t)〕'ωA sin ａ)ｔ





























COS (CJ t +θｕ）ｄｔ
ｇ５（゛ｕ’ ｌ’ｖ’





















町（17ｕ’ｙ’ ら’Oｖ’ ゛:）’弓で?７両々μ％12゛1（1゛1AI｀1ぺ:）・ sin （％゛゜゛｀θｕ）
　＼
゛え2ぺyＵ Ｃ°Ｓ（％゛゛OU）リ％:とS＼ sin (0゛゛θＶ）　ニ　＼　／
　　　゛〔ぺ’（1’ろち）叱〕1;Ｖ Ｃ°Ｓ（％ｔ゛θＶ）
　　　　　　　　　　　　　　　　　　　　2
　　六戸［え2゛1（ls1A卜10 A1 ’:とぶA ] slnCOtﾆ　　‥‥　‥‥に





































’。sin (9. - 9 )゛ズ2゛lllｕ ｃ°ｓ（θｕ‘eｖ）｝
(Ｃ)　Autonomous　Systems Derived When ６､ノーω○/30ｒ a>° 3＆4)
　　　　Whenthe ratio between CiL andω1ｓ in the neighborhood of an integer (dlf-
ferent from unl ty) or a fraction、one may expect the higher一犬harmonic and subhar:-
monic　entrainments.　As pointed out　in Table ４．4　1nChap.･4> we consider the
cases where (O is in the neighborhood of 叫)/3oｒ3嗚．　Then, the ｅｎｔ：rainedoscil-
1ations of　Eqs. (6.1) are written as
　　　　　　　　　　　U(t)= T^it) C°s [ncJt゛θｕ(ｔ)〕゛＼ ｃ°ｓ‘４)ｔ
where
゛（t）’1’ｖ（t）ｃ°ｓ［゛映゛Oｖ（t）〕゛A2 COS CJt
u(t)”゛C‘)r (t) sin〔゛（Jt ゛ eU（ｔ）〕’ω＼ sin oJt
v(t)”n(Or^(t) sin［゛tJt ゛θｖ（ｔ）〕’ωA s^in CJt
ｎ－３ !:ｏΓ　　ωｇ％/3




　　The averaged equations are obtained from Eqs. (6.8) by replacing (0^ by 3ω
or tU/3, respectively.　Performing the integration of Eq3. (6.8) yields the fol-

















゛即昏ｖ COS (0‘θｖ）゛1四゛1A? ｓl K゛}
以,’聶r告石石･y{[・:- 9(1 - XZ)iii^ぺ゛ｙ弓・1(１ｊＡ卜1{へ
〉くsin (θ
　　　　Ｕ d，）゛焉φ。・・・（吃－ぺ,）弓戸鴫・1A?・1・り
When 0) -s 3ClI, we obtain
－


















＋ χ1゛｝ｖCOS （θｕ‾9ｖ）゛祐洲n A r^ sin 3り
ｋ
°耳iプ可亭|司ｊ（1二か2やｙﾘ即22゛l（１ｊＡ卜10




　　　　The steady states where ｒｕ ｒ゛ｖ θ゛ｕ a゛nd e^ are constant are obtained by
　　　　　　　　　　　　　　　　　●　　　●equating r ’ｉｖ．゜e≫’ ev ’０ １゛Eqs. （６°5). De゛oting the steady-state values
゜f these ゛ariables by llｕＯｒ゛Vk)゛吃○゛８゛d oｖO゛respectively, we obtain
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μｙ・μ(1－ト?:。)・(ｊ－べ)(･･)2 － a:) 一耳1ろ6)^ = 0
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(6.17)
From Ｅqｓ・.(6.17), we can derive the first member of Eqs. (3.28) and Eq. (3.29)
which give the amplitude and the frequency of the self-excited oscillation.
(b) Stability Investigation
　　　The stability of the solutions is t:ested by the behavior of small variations
from the steady-8tate values゛ 'uO≫ｒｖＯ゛ﾌ∂ｕＯa゛nd ｅｖＯ°In the same manner as in













The stability conditions are givea by







　　　Equations (6.15) and (6.16) yield what we call the respoase curves for the
harmoaic oscillation as Illustrated In Figs. ６．１and 6.2. We consider the cases




　　　　　　　　　　　　　　　●　　　　　　　　　　　　　　　　－　　　　●and　the coupl ing factor k ’、/i7i;　is ０．０４and ０．08． Figures 6.1a and 6.2a　show
the amplitude characteristics of　the harmonic solution for different values of Ｂ．
similarly. Figs. 6.1b and 6.2b show the phase angles of　the solution. The stab11-
ity of the oscillations　is tested by making use of conditions (6.19),　The
unstable portions of　the response curves ･are shown dashed　in Figs. 6．1　and 6．2．
The　fine　lines　in Figs.　6.1a and 6.2a are　the stability　limits given by*　　　し
　　　　　＼　：　　　　　･ｓ’０，　　　pqr－‘ｒ２“ p s = 0　　　　　　　　　(6.20)
It　is　readily verified　that　the vertical　trangencies of　the response curves occur
　　　　女　As　theresults of numerical　calculation. ･the curves obtained　from these
two relations are found to be effective among those derived £rotnthe conditions
(6.19).　　　　　　　　　　　　　　　　　　　　　　　　　　　ト
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at the stability limit ｓ －○(see Appendix II). In Figs. 6.1c and 6.2c ａ･reshown
the regions of the harmonic entraininent on the Bu) plane。
　　　　InFig.　6．19　where k ゛ 0.04, the self-oscillatory　system has only one self-
excited oscillation of　the freq゛ency CJq (=゛1）‘　I゛this case゛ the character!s-
tics of Fig. 6.1　are similar to those of　the　system with one degree of　freedom
〔１０〕。　InFig. 6.2。where ｋ = 0.08, two different frequencies of　the self-excited
oscillations exist and the characteristics have two separate closed curves　for
small　Ｂ。
6．4　Combination Oscillations without External　Resonance
（ａ）　Steady-State Solutions
　.　　　VJhen the difference between the ｄｒ1゛1n8 freq゛ency ω and the freq゛ency lO^
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　.!
of　the self-excited oscillation is　large enough, the solution of　the system　is
assumed as Eqs. (6.6). The steady-state solutions of the averaged equations


































We see,　from Eqs. (6.21),　that　there are　two　types of　the　steady states.
（2）17ｕｏ 十〇゛　＼o =ﾄＯ
(6.22)
The steady state (1) corresponds to the periodic osci nation of frequency ω，
１．ｅ・,the harmonic entrainment.　In the steady state (2), the solution has the
two frequency componentsωand 0)-. Therefore, the combination oscillation occurs。
In this case, after some algebraic manipulation, we obtain the ampl i tudes ｒｕＯ゛




































　　　　Thestability o£ the steady-state solution (2) of Eqs. (6.22) is ｔ：estedIn
much the same way ８ｓbefore.　The coefficients of　the variational　equations　are
given by
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where




Since ８１４’“ａ１３（１°1* .., ^)f the characteristic equation is reduced　to
λ（λ3＋ｐｊ＋qλ+ r) =･ 0
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(6.27)
where p. q, and ｒ are given by Eqs. (3.19).　The stability conditions are as
follows:　　　　　　　　　　　　　　・　　　　　’　　　.●　　.　　　　・　　　　　　I　　　　　　　　－
ｐ＞０， ｑ＞０， pq - r > 0 (6.28)
1:he stability conditions for the steady state (1) of Eqs, (6.22) cannot be
obtai゛ed by ゛sing Eqs. (6.26), since they contain ゛ｕO゛ｌ’ｖOin the denofflinater.
Let ^ and ?v be the ｓ°811°plit゛des ゛d θｕ８゛dθｖbe the phase angles of t:he
small variations　from the solution ｕ =≫V = 0 Ccf.　Eqs. (4.87)］．　Replacing
u
8゛d lrｖl゛ Eqs. （6°10) by !'u ８゛d %' respectI゛ely. and discarding the tｅて■msof
















We introduce new variables a., a^, and b1゛b2 defined by
　　　　　　　　　　　　al°％Ｃ°Ｓ ｅＵ゛　　　a2 ゛弓Ｖ Ｃ°ＳθＶ
　　　　　　　　　　　　ｂ１’爽‰sin 0 ,　b2”弓ｖ ｓ１゛θｖ
146
(6.30)
Substituting Eqs. (6.30) into Eqs. (6.29) yields　the variational　equations with




































The conditions　for stability are that　the real parts of　characteristic roots




































　　゛ｙぺn.(l - iべ’110）‰ｃ°ｓ（‰り5 ) --戸V a3 ｅｏｓらｏ’Ｏ
女　See　the footnote of　p. 74.
　　　　　　　　　　　　　　　　　２
［゛卜9（1’21ろ）ｊぺ10 ゛ や『ﾐお・Ｏ ｓl （゛‰-8,o)




　　“゛づら゛ﾄuOCOS (叱o゛らｏ)゛1戸ろ゛1A? ｓidｖＯ’ Ｏ
E1 1°inatlng llｖＯθ゛ｕO゛８゛dθvOf・゜1E゛qs. (6.35), v゛ｅ°btain 'uO by ∧
　　　|〔？‰ｙ(ｌｊＡトトシ2ｿ(゛卜9j)2J呼リ(ぞい2゛({－9ゐ21
　　　－162j;゛1λ2[(’卜9j)(iヽ:－9J)り戸･)2φ(1緋Ａ卜1(ｏ)〕
　上　バ81ぬ1j2)2戻ｏ一祐め,2 2.6〔9み2(l弘52こ(iヽ卜9j)2〕= 0 (6.36)
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We see, from Eqs. (6.11), that the solut:ion Is periodic with components 0f
frequenciesωand .3り．
(b) Stability Investigation
　　　　The stability conditions are the same as (6,19).　The coefficients a..
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　　　Numerical　analyses of　the response characteristics for the higher-harmonic
oscillation were carried out for　the same values of the system parameters as
those　in Sec. 6.3c, i.e..　　　　　　　　　　　　－　　　　　　　　　　　　　　　　　　．■
μ= 0.1　　　62/n1)25 ’○’5　　　n^/uj °1．０　　　ａ゛d　　　k ° ○゜04, 0.08
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ｅ　　　●　　　・
With these values of　the parameters, the response characteristics of　the ampl １－
tudes　ｒｕＯ゛ｒｖＯ゛ａｎｄ　thep ase angles ｏｕＯ K゛o are calculated by using Eqs. (6.36)
and (6.37), and illustrated in Figs, a and ｂ of 6.3 and 6.4. The stability
limits are obtained from (6.20) by using Eqs. (6.38). The vertical tangencies
of　the response curves occur at　the stability limit ｓ ’ ○．　The dashed portions
of　the response curves　show the unstable oscillations.　The regions of　the
higher-harmonic entrainitient on the Ｂωplane are also shovm in Figs. 6.3c and
6.4c. Hence, when the ampli tude Ｂ and the frequency a) of the external force
are given at any point　Inside　these regions, the self-excited oscillatloa １ｓ





　　The steady-state solutions of Eqs. (6.13) are °btai゛ed by ｅq゛８t1゛gu ’
1゛ｖ
　　　●　　　●







The solution is periodic o£frequencyωin (1)。Therefore　the harmonic en-
trainment occurs. In the steady state (2), the solution is periodic of fre-
quencies CJ and ω/3, Therefore the subharmonlc entrainment occurs.
　　　　Theharmonic entrainment has　already been discussed　in Sec. 6.4.　In the










































　　　The stability conditions for the steady state (1) of Eqs. (6.39) are the　.
same as the conditions (6.34) which are obtained in Sec. 6.4b.
　　　The stability conditions　for the steady　state (2) of　Eqs.(6.39) are given.




























































Numerical　analyses of　the response characteristics　for the subharmonic







The response characteristics are calculated by using Eqs. (6.A0) and (6.41),
and Illustrated　in Figs. 6.5 and 6.6.　The stability of oscillation is tested
by using (6,19) and Eqs. (6.42).　The unstable responses are shown dashed in
these　figures.　The regions of　the subharmonic entrairuTJenton the Ｂωplane are
shovm　ｉｎ･Figs.6.5c and 6.6c.　In Fig. 6.5c, where k = 0.04, the region of
entrainment　is closed one.　０ｎthe other hand, with　increase of value of k, this
region separates　into two closed regions as seea in Figs. 6.6c. VlhenＢ and CO
are given　in these regions　the subharmonic oscillation, occurs.
６。７　Concluding Remarks
　　　　　Wehave　investigated the　forced oscillations　１ｎａ self-oscillatory･ system
whose natural　frequencies are close each other.　The phenomenon of　frequency
entraiiunent occurs at the harmonic (I.e., fundamental), higher-h'arvnonic, or
subharmonic　frequency of　the external　force.　The amplitude and phase charac-
teristics of　the entrained oscillations are obtained, and　the regions of　entraia-
ment are shown. V)hen the coupling between two resonant circuits　is small≫ the
regions of harmonic, higher-harmonic, and subharmonic entrainments are similar
to　those ’in ａ system with one degree of　freedom.　As　the coupling becomes larger。
these regions are devided　into two parts.　　　　　　　　　　　　　　　　　　　　　　∧
　　　　　Thealmost periodic oscillation which develops from the entrained oscll-
lation　is correlated with ａ　limit cycle　in the phase space.　This type of oscll-


































































　　　　　　　　　　　　　　　　　　　　　　　　　　　一一一一0.32 0.33 0.34 　　　0.35
　　　　　　　　　ω/n1－
Fig.　6.3(a).　Amplitude　characteristﾆic　of　the　third-harmonic　oscillation.





















































































































Fig. 6.6(c), Regions of the harmonic and　l/3-hannonic　entra inments,
　　　　　　　　　　　APPENDIXＩ
EXPANDED FORMS OF THE FUNDAMENTAL EQUATIONS
　　　　In the　text we derived the autonomous equations of　the first approxima-
tion from the　fundamental　equations by using the averaging method.　　In order　to
apply　the･ averaging method. we　introduced new variables r..　Q^ (i = 1,　2) and
!:ransformed　the　fundamental　equations　into　those whose right-hand side3 are
　　　　　　　　　　　　　　　÷　　　　　　　　　　　　.　　　　　　　　　　人　　　　●　　　●multiplied by ａ small parameter U. for instance. Eqs≫ (2.5) and (4.10). This
appendix supplements the detailed forms of these equations.
　　　　We consider the following differential equations whose right-hand sides
are expanded into trigonometric stuns.　十
117’嘸fn（1’1゛ ・2゛
　ｊωレ　４
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The detailed £oxTns of　the differential equati°ns (1.3) and (I‘4) regard ing i･2
and
62
are obtained by　interchanging '^l and r^, 9, and 0 ,り1 8゛ｄ（゛J2’&J10 8゛d
ω20゛ω11 8゛d (0^^, (therefore 9, 8゛d ち）゛k and k in Eqs°（I‘1）･ ８゛d（.I°2）｡゛
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　・　　　　　　　　　　　　　　　　　　　　・The four kinds of expanded forms of fundament:al equations which have
appeared in the text can be derived from Eqs. （I。1) through (1,4) accord ing to
the following conditions.
16０
（Ａ）　The fundamental　equations for the self-excited oscillation without　internal
resonance, i.e., the concret：ｅ forms of Eqs, (2.5) are given by putting
　　　　　　　　　　　　　　　　　ｆｎ７ｆ１　　　　　８♂　ｇ１
　　　　　　　　　　　　　　　　　Ａ１’Ｏ　　　　Ｂ,１゛ｏｊ　　　　　　　　　　　　　　　　　　（1．6）
ωｎ ＝○ ^10 °ω1 (i ≫ 1, 2)
In Eqs. (I.I) through (1.4).
（Ｂ）　The concrete forms of　the　fundamental　equations for　the self-excited oscil-





１゛ Eqs. (I.I) thr゜゛gh (1.4) [see Eqs. (3.7)〕　　　　　　　　。
(C) The fundamental equations for the forced oscillation in ａ case where the
external resonance CJ"ω１０（１’１゛２）‘゜ｃｃ゛rs were ｇ１゛ｅ b゛y Ｅｑｓ°（４‘10). The
detailed £orms of Eqs. (A.10) are given by putting
n °f3０ 8ｎ ’ g3０
　　　　　　　　　　　Ａ．・○　　　　　　　　　　　　　　　　　　　し　　　　　　　　　　　１
１ｎEqs. (I.I) through (1.4).
(D) The fundamental eqtiations for the forced oscillation in ａ case where









THE STABILIΥΥCONDITIONS AND THE VERTICAL TANGENCY
　　　　　　　　　　　OFTHE CHARACTERISTIC CURVE
　　　　Inthis appendix we describe　the Routh-Hurwitz criterion for stability
which　is used　in the　text, and verify　that the characteristic curve has ａ verti-
cal　tangent at the stability　limit.
II. 1　Routh-Hurwitz Criterion for Nonlinear Systems*
　　　　V7econsider ａ physical　system described by ，ａset o£　simultaneous differen-
tial　equations
dxｊ
゛X1（ｘl゛ ｘ2”.., X ； p1゛ P2”¨゛Pm>
dxＦ




ｘ2゛¨゜゛ｘｎ ； p1゛ p2゛゜；‘゛ ｐｍ）
(II.1)
where ｔ　is　theindependent variable and　functions X., X2゛’¨゛ｘｎare genera lly
nonl inear functions of　the dependent variables x., x.”¨゛ｘａ and　the system
parameters p1 ゛p2゛¨ ”P.-+




























Since Eqs, (II.2) are generally nonlinear ａｌｇやralequations. there exist ａ
number of　equi１ibrium stat：es.　Let us denote ａ set of equilibrium values of
ｘ゛ｓby ｘ１０゛ｘ２０゛¨゛゛ｘｎＯ゛　andconsider smal･１variations弓゛ｓ denoted by
　　　　　　　　　　　　　　　゛1゛ ゜ho ＋111
　　　　　　　　　　　　　　　ヌ2~ ^20 ゛ 112
　　　　　　　ト　　　　(II.3)
　　　　　　　　　　　　　　χｎ゛χｎＯ＋11n。　･゛
Substituting Eqs, (II.3) into Eqs. (II.2) and discarding terms of order higher










　　　十　By making use of the averaging method. fundamental equations･(1≫7) and
(1.9) are transformed to the equations of this form. In Eqs, (1,7) and (1.9)
the dependent variables are represented by Tj・ｓand θ1゛ｓw゛hile X*s, ｎｉ・ｓ゛丿゛
　5, B, and Ｑ are the parameters of the system.
where a stands　for 3×1/3゛j 8t the equilibrium state ｘ －ｘ10゛ ｘ゛2 ’ｘ20゛¨ ”


















When expanded.　this nth-order deterralnant　leads　to an equation of　the form
aＯ？キａ１λｎ’１＋‘¨＋８ｎ－１λ’●｀ａｎ’○













If　the real　parts of all　the roots of　this characteristic equation are negative.
the corresponding equilibrium state is stable. The signs of the real parts of
the rootsλare known by making use of the Routh-Hurwitz criterion 〔15. 31]. In
applying this criterion. we construct ａ set of ｎ determinant：ｓset up from the
coefficients of the nth-degree characteristic equation (II.6). These determi-

























The Routh-Hurwit2 criterion states that the real parts o£。theroots‘)､､arenega-
tive provided that all　the coefficients a-. ａｌ”゛ ゛≪゛nare positive and that
all　the determinants ｊ 1゛∠12゛¨・゛∠'nare also positive°
　　　　Whenｎ °2, the conditions mentioned above are reduced to
　　　　　　　　　　　　　８０＞０　　　８１＞０　　　８２＞Ｏ
When ｎ・　3, the conditions are
　　　　　　　　　　　　　８０＞０　　８１＞Ｏ（゜ra, > 0)　　a >0
　　　　　　　　　　aa ’８０ａ３＞Ｏ







II.2　The Vertical Tangency of　the Characteristic Ｃｕｌ：ve
　　　The characteristic curves are obtained by solving Eqs, (II.2). We ｎ０９
discuss　the vertical　ｉ：angency of　the charecteristlc curve.　By different：iatlng












































































8゛d∠1jis the determinant f°ntiedby replacing the jth column of ∠1 by - (3X /3p )・
（aｘ2/apl）”... - (3X^/3Pj). The detert゜i゛８゛ｔ∠l is identical with the ｃ°efficient
aｎ of　characteristic　equation (II.6) and ａｎ〉0 Is one of the stability　Condi-
tions.　Hence the characteristic curve (p X. relation) has ａ vertical tangent ‘
(d゛j /dp1→oo) at the stability litnit ∠1- 0.
　　　　　　　　　　　　　APPENDIχIll
CONDITIONS FOR SELF-EXCITATION　IN Ａ SYSTEM
　　　　　　WITHTOO DEGREES OF FREEDOM












As mentioned　in Chapters　2 and 3　this system･ has an equilibrium state at ｕ ？０，
V = 0.　1f　this equilibrium state　is unstable> a self-excited oscillation occurs^
In this appendix we shall　discuss　the stability of　this equilibrium state of　the
fundamental　equations (III.l).











Substituting Eqs, (III.2) into Eqs. (III.I) and disregarding terms of order


























K = 1/(1 -ろ｡ろ)






















































By virtue of Eqs. (III.6), it is easily seen that the third condition is always
satisfied.*　Therefore, the conditions (111,7) are written as




It is noted that the left-hand side of the last conditloa of (III.8) Is　ldent:1－
cal with that of Eqs, (3.31) which is satisfied when the amplitudes of self-
excited oscillations become zero.　When the conditions (III.8) are not satisfied.
the state (u = 0, V = 0) of Eqs. (III.l) becomes unstable and ａ sel£-exclted
oscillation occurs.
-
　　　女　Insteadof a, >0, we way employ a2＞Ｏ as one of the condition3. When
the parameter戸is small, this condition is also satisfied.
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